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Abstract
Based on earlier presented solvers for the incompressible Navier-Stokes equations, we implement a
3D fluid solver. The solver works in a few simple steps implemented in fragment shaders running
entirely on theGraphic Processing Unit(GPU) of a modern graphics card. We present a simple
visualization approach for rendering high-quality smoke animations in real-time. Finally, to handle
interaction between fluid and stationary objects, we present a simple method for setting boundary
conditions.
Keywords:Fluid dynamics, Navier-Stokes, Real-time, GPU.

Nomenclature
d Density field
f Force field
h Spatial discretization
N Vorticity location field
p Pressure field
T Temperature field
T0 Mean temperature
t Time
u Velocity field
β Thermal expansion coefficient
ε Vorticity confinement control factor
η Gradient field of vorticity magnitude
ω Vorticity
∇ Gradient operator∇ = ( ∂

∂x,
∂

∂y,
∂

∂z)
ν Kinematic viscosity
ρ Density

Introduction
With the increase of computational power in stan-
dard home computers, more and more physical
simulation is put into computer games. Recently,
a quantum leap in computational power has been
made with the introduction of the programmable
GPU, available on modern graphics adapters. This
has lead to higher quality in game graphics, and
developers have started to use the GPU for non-
graphics computations. This leap will believably
open for more advanced effects in upcoming game

titles.
Over the past years, a lot of the focus in game de-
velopment has been dedicated to the simulation of
rigid body physics. We believe that one of the new
features which will show up in computer games in
near future is the simulation of fluid dynamics.
To encourage this, we describe a simple method for
achieving real-time animated 3D smoke.

Previous Work
The motion of a non-turbulent, viscous fluid is mod-
eled by theincompressible Navier-Stokes equations

∂u
∂ t

= −(u ·∇)u+ν∇2u− 1
ρ

∇p+ f (1)

∇ ·u = 0 (2)

where (1) describe the change in the fluid velocity,
and (2) enforces conservation of mass.
Numerical methods for solving these equations have
been researched extensively during the last decade,
and today very realistic fluid animations can be gen-
erated off-line. Recent years, efforts have been made
to take the methods for solving these equations to the
next level: Real-time simulation.
One of the first methods for simulating the full 3D
Navier-Stokes equations for the purpose of Com-
puter Graphics, is presented in [4]. The terms of the
equations are solved step by step, using a first order



central differencing approach. The velocity is made
divergence-free, by solving the pressure term iter-
atively, using aSuccessive Over-Relaxation(SOR)
method [2]. Because the solver in [4] is based on
explicit methods the solver is only stable for small
time-steps.
In [8], the first step towards real-time simulation is
taken by making the solver unconditionally stable.
The advection term,(u ·∇)u, is solved using asemi-
Lagrangian integration scheme, where points are
traced backwards to find advected velocities. Dif-
fusion, described by the termν∇2u, is solved im-
plicitly using a multigrid method [1]. To remove di-
vergence from the velocity field, a pressure field is
computed by solving the Poisson equation

∇2p = −∇ ·u (3)

also using a multigrid method. The pressure gradi-
ent is then used to adjust the velocity fieldu by

ũ = u−∇p (4)

producing the divergence-free velocity fieldũ.
In [3], the method from [8] is refined for the spe-
cial case of simulating smoke. The diffusion term is
neglected based on the assumption that the effect of
diffusion is damped out, because of the low viscos-
ity of air and the coarseness of the simulation grid.
To make up for some of the small-scale detail thus
missing, a vorticity confinement force [10]

fvc = h ε(N×ω) (5)

is introduced, where

ω = ∇×u (6)

and
N =

η

|η |
, η = ∇|ω| (7)

This adds a swirling behavior, which looks very nat-
ural for smoke. Derived from [5] a simple thermal
buoyancy force, given by

fT = β (T −T0) · (0,1,0)T (8)

is also added, enabling various temperature effects,
such as radiators causing the air to rise.
In [9], a simple, easy implementable solver is pre-
sented, based on the method from [8]. The multigrid
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Figure 1: Flat 3D texture – the slices of a 3D field is
laid out as tiles in a 2D texture. This figure is copied
from [6].

method is replaced with the much simpler Gauss-
Seidel method [1]. The entire solver consists of ap-
proximately 100 lines of C-code, and is thus pre-
sented directly in the paper.
Although this method is very efficient, software im-
plementations are still not quite fast enough for
real-time simulations in 3D. In [6], a method for
simulating clouds is implemented using fragment
shaders, running entirely on a GPU. To do this,
3D vector fields are represented asflat 3D textures,
see Figure 1. Because of the inability of fragment
shaders to read and write the same memory, the
Gauss-Seidel approach of [9] is replaced with a vari-
ant of the Jacobi method, calledRed-Black Gauss-
Seidel[1]. Due to the power of the GPU, this simu-
lation runs at interactive rates.

The Method
As in [8], we solve the Navier-Stokes equations in
two steps. The first step updates the velocity field
according to (1). This leads to a non-conserving ve-
locity field. In the second step, we remove diver-
gence, producing a mass-conserving velocity field
upholding (2).

Updating Velocity

Advection of the velocity is solved using the semi-
Lagrangian advection scheme presented in [8]. This
method is stable for large time steps, which is crucial
to our real-time simulation.
Following the method from [3] we neglect the dif-
fusion term. Since the kinematic viscosity of air
is very small, the effects of diffusion are assum-
ably damped out by the numerical dissipation of our
coarse grid.
Having left out the diffusion term, we adopt the
vorticity confinement force, described in [3]. This



makes up for the small-scale detail in the velocity
field that is dissipated by our coarse grid, and adds
natural looking swirls to our smoke.
To easily interact with the smoke, we also include
the addition of an external force field, which can re-
spond to any user action.
Finally, we add a thermal buoyancy force, as de-
scribed in [3], to be able to simulate various
temperature-related effects.

Removing Divergence

As in [9], the divergence is removed in three sim-
ple steps. First the divergence is computed. Then
we compute the pressure field by solving (3) iter-
atively. Following [6], we use the simple iterative
Jacobi method [1], which, opposed to the Gauss-
Seidel method used in [9], is implementable on a
GPU. Finally, the velocity field is adjusted accord-
ing to (4).

Implementation on GPU
The GPU is a programmable processor available on
most recent graphics adapters. Even though it is de-
signed for graphics processing, general purpose pro-
cessing on a GPU is attractive due to its computa-
tional power.
The GPU works on streams of vertices and frag-
ments (pixels with attributes, such as depth and
color), and has only memory read access through
texture maps. Thus, to implement a fluid solver to
run on a GPU, the fluid state should be represented
with texture maps, and the solver steps should be
implemented asfragment shaders.

Vector Field Representation

We adopt the vector field representation described in
[6]. A 3D vector field is represented by laying out
each slice as a tile in a 2D texture, as can be seen in
Figure 1. This allows us to update the entire field in
a single render pass.

Fragment Shaders

The fragment shaders are executed by drawing reg-
ular primitives, such as triangles or quadrilaterals.
When these primitives are rasterized, the fragment

shaders are executed once on each resulting frag-
ment, and the output is written to the frame buffer.

The input to a fragment shader, in the context of our
fluid solver, is a texture coordinate referring to a spe-
cific cell in the simulation grid. The value of any
field in this point can be looked up using a texture
read instruction on the respective field texture map.

For looking up neighbor values, offsets can be added
to the input texture coordinate to produce texture co-
ordinates representing other cells in the grid. Neigh-
bors in x and y directions can easily be found by
adding the vectors(1,0,0)T , (1−,0,0)T , (0,1,0)T ,
and (0,−1,0)T , respectively, to the texture coor-
dinate of the current cell. For neighbors in dif-
ferent tiles, however, offsets to the respective tiles
must be taken into account. As opposed to [6],
we pre-compute relative offsets between tiles, and
pass them to our fragment shaders as texture coordi-
nates. Compared to [6] this saves us a texture-read
instruction per grid cell per simulation step (approx-
imately 106 texture instructions per frame at resolu-
tion 30x30x30).

For each solver step we have a fragment shader
which processes only a single cell in the grid with
respect to that solver step. The entire grid is then
processed by drawing primitives covering all thein-
terior cells in the flat 3D texture, corresponding to
the shaded areas in Figure 1. Theboundary cells
(white areas in Figure 1) are processed separately
with special fragment shaders, to enforce the desired
boundary conditions of the system.

Visualization
One of the hurdles of simulating fluid in real-time
applications is the visual presentation of the fluid.
A popular method for rendering smoke in games
is to use a particle system, and render each parti-
cle using a bill-board texture, see Figure 2. Small
scale effects, such as exhaust from a car, can be an-
imated convincingly using a limited number of par-
ticles (< 500). However, the particle method is not
very scalable since the simulation time increases lin-
early with the number of particles.

Instead, for animating the smoke we use a density
field, as proposed in [9]. The density should simply
be moved along with the velocity, so we model the



Figure 2: Bill-boarding – the particles to the left are
rendered using the texture mapped quadrilateral in
the center, yielding the smoke- or cloud-like appear-
ance to the right.

Figure 3: The density texture represents four density
fields of red, green, blue (left), and alpha densities
(center). When rendered, these four density fields
represent colored, transparent smoke (right).

density movement by

∂d
∂ t

= (u ·∇)d (9)

which is similar to the advective term of (1). Thus,
we update the position of the density by using the
same semi-Lagrangian advection scheme, as de-
scribed for updating fluid velocity.
Similar to all other vector fields, we represent our
density field in a flat 3D texture. This allows us to
easily represent colored and transparent smoke, by
using the standard RGB color model and the alpha
channel of the texture. This actually corresponds to
having four density fields,(dr ,dg,db,da), represent-
ing the red, green, blue, and alpha channels, respec-
tively, see Figure 3. Since fragment operations are
vector based, we can update all four density fields at
the same speed as updating a single density layer.
The flat 3D texture representation of the colored
density field allows us to easily render the density
field by simply rendering each slice of the field as a
bill-board. This involves drawing a texture mapped
quadrilateral per slice in the texture. Slices are
drawn in order of distance to the viewer, starting
from the back. Each slice is blended with the back-
ground, according to density color and alpha value,

giving a transparent look. This method is extremely
fast, thus, allowing high-rate animations.

To avoid using expensive volume rendering tech-
niques, for instance as presented in [7], we only use
16-bit fixed-point precision in the density texture. In
this way, the density texture can be automatically fil-
tered by the graphics adapter, improving image qual-
ity and speeding up the updating process.

By representing smoke with a density field, the ani-
mation speed is independent of the amount of smoke
in the simulation. Unfortunately, this also means
that the resolution of the smoke is limited in the
same way as the resolution of the simulation grid.

Interaction With Objects
To extend our smoke simulation, we present a simple
way to simulate interaction with stationary objects.
We represent voxelized objects in a flat 3D texture.
In this obstacle mapwe represent cells occupied by
an object with the value 0, and cells occupied by
the fluid with the value 1. Using a fragment shader,
values in any field can easily be masked with regards
to the objects in the fluid, allowing simple boundary
conditions. Thus, simple stationary objects can be
modeled on cell-level.

Results
In this section we show some examples of smoke
simulated with our solver. All examples are run on
an ATI Radeon 9600 PRO graphics adapter. The
grid resolution is 30×60×30 grid, and the obtain-
able frame rate is approximately 30 fps. The ani-
mations are available for downloading athttp://
www.roerbech.dk/marinus/sims.html .

First, we show a simple smoke stream, which rises
due to thermal buoyancy and an external vent force.
Frames from this animation can be see in Figure 4.

In the second example, we add a spherical obstacle
into the scene from Example 1, to show interaction
with stationary objects. Frames from this animation
can be seen in Figure 5.

Finally, to demonstrate the capabilities of our col-
ored density field, Figure 6 shows frames from an
animation using two different colors of smoke.



Conclusion
We have presented a fast way of animating 3D
smoke based on simulation of fluid dynamics.
We keep in mind, that our solver is not yet fully op-
timized, and we estimate a possible improvement
in performance of about 10–15% on this account
alone. Further more, the presented examples have
been run on an ATI Radeon 9600 PRO graphics
adapter, which is already considered obsolete by
current graphics hardware standards.
Thus, even though our solver has some limits, it
gives the impression that real-time fluid effects in
games should be possible in the very near future.
Especially when taking into account the extended
features for general purpose processing presented on
next-generation graphics adapters.
Since our solver is based on the Navier-Stokes it can
be used for other purposes than animating smoke,
for instance the simulation and animation of explo-
sions, animation of miscellaneous wind effects, such
as dry leafs swirling along the ground, etc.
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t = 0.0 sec. t = 1.0 sec. t = 2.0 sec.

t = 3.0 sec. t = 4.0 sec. t = 5.0 sec.

t = 6.0 sec. t = 7.0 sec. t = 8.0 sec.

Figure 4: Example 1 – Rising smoke. The smoke has natural looking swirls due to the vorticity confinement,
and the thermal buoyancy adds realism to the general smoke movement.



t = 0.0 sec. t = 1.0 sec. t = 2.0 sec.

t = 3.0 sec. t = 4.0 sec. t = 5.0 sec.

t = 6.0 sec. t = 7.0 sec. t = 8.0 sec.

Figure 5: Example 2 – Interaction with a simple object. The smoke evolves a bit unnatural around the object
due to the very simple handling of the boundary. However, an effect of interaction is achieved. The voxelized
object is presented visually, using a spherical mesh, to improve visual quality.



t = 0.0 sec. t = 1.0 sec. t = 2.0 sec.

t = 3.0 sec. t = 4.0 sec. t = 5.0 sec.

t = 6.0 sec. t = 7.0 sec. t = 8.0 sec.

Figure 6: Example 3 – Multi-colored smoke. Two smoke streams with different colors meet and blend into a
mixed color.


