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Abstract

This paper introduces a graph construction method for multi-dimensional and multi-surface segmentation problems.
Such problems can be solved by searching for the optimal separating surfaces given the space of graph columns de-
fined by an initial coarse surface. Conventional straight graph columns are not well suited for surfaces with high
curvature, we therefore propose to derive columns from properly generated, non-intersecting flow lines. This guaran-
tees solutions that do not self-intersect.

The method is applied to segment human airway walls in computed tomography images in three-dimensions. Phan-
tom measurements show that the inner and outer radii are estimated with sub-voxel accuracy. Two-dimensional man-
ually annotated cross-sectional images were used to compare the results with those of another recently published
graph based method. The proposed approach had an average overlap of 89.3 ± 5.8 %, and was on average within
0.096 ± 0.097 mm of the manually annotated surfaces, which is significantly better than what the previously pub-
lished approach achieved. A medical expert visually evaluated 499 randomly extracted cross-sectional images from
499 scans and preferred the proposed approach in 68.5 %, the alternative approach in 11.2 %, and in 20.3 % no
method was favoured. Airway abnormality measurements obtained with the method on 490 scan pairs from a lung
cancer screening trial correlate significantly with lung function and are reproducible; repeat scan R2 of measures of
the airway lumen diameter and wall area percentage in the airways from generation 0 (trachea) to 5 range from 0.96
to 0.73.
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1. Introduction

Optimal net surface methods (Wu and Chen, 2002)
have seen a growing use within medical image segmen-
tation in the last couple of years, likely due to their
ability to find the globally optimal solution of multi-
ple interacting surfaces in multiple dimensions given
surface cost functions and a useful range of geometric
constraints and penalties in polynomial time using min-
imum cut algorithms (Li et al., 2006; Liu et al., 2012;
Petersen et al., 2010; Yin et al., 2009; Abràmoff et al.,

∗Corresponding author
Email addresses: phup@diku.dk (Jens Petersen),

marleen@diku.dk (Marleen de Bruijne)

2008; Petersen et al., 2011b; Arias et al., 2012; Kain-
mueller et al., 2013). In order to use these methods, the
segmentation problem needs to be transformed from the
space defined by the image voxel grid to some graph
representation defined by a set of columns. Each col-
umn is associated with a point on the sought surface and
represents the set of possible solutions, or positions, the
surface can take. A suitable graph should be able to
represent all plausible solutions in the image space. For
instance, if a graph column does not cross the sought
surface or if it crosses it multiple times, then this sur-
face can not be represented by the graph. Similarly,
admissible solutions in the space defined by the graph
representation should represent valid surfaces in image
space, that is, the graph space should for instance not
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allow self-intersecting surfaces. It is also important that
the graph structure allows for a meaningful represen-
tation of the surface cost functions and geometric con-
straints and penalties. Surface non-smoothness can, for
instance be reduced, by increasing the cost of solutions
in proportion to how much they vary in neighbouring
columns. However this is only meaningful if the rela-
tive variation within the columns is somehow related to
the associated relative variation within image space.

In some cases the sought surfaces are expected to be
oriented along an image axis and the voxel columns of
the image itself may be used. This has for instance been
used in the case of the intraretinal layers in macular
optical coherence tomography images (Abràmoff et al.,
2008). Other approaches have used simple mathemat-
ical transformations, such as those of Li et al. (2006)
and Petersen et al. (2010), in which images of tubu-
lar airway segments were unfolded using polar trans-
forms in two or three-dimensions. The graph columns
were oriented perpendicular to the resulting contours
or terrain like surfaces allowing for an easy representa-
tion of surface smoothness constraints and penalties. In
many cases, however, the surfaces are much too com-
plicated for such an approach and/or the prior knowl-
edge of the surfaces’ shape and position required is not
available. In these cases such prior knowledge may be
gained by employing an initial method to roughly esti-
mate the position of the surfaces and then use an op-
timal surface graph to refine this estimate. This was
done in Liu et al. (2012) by placing columns at points
of the initial surface and oriented along the surface nor-
mals inward and outward. Problems with intersect-
ing columns and thus self-intersecting surfaces were
avoided, by limiting the length of each column to the
minimum distance to the initial surface inner and outer
medial axes. This approach can result in columns that
are too short to reach the desired solution, as shown in
Figure 1(a). Yin et al. (2009) suggested columns in-
spired by the non-intersecting property of electric lines
of force. The columns were constructed by simulating
electrical charges at surface points of the initial segmen-
tation and tracing the electric lines of force within the
field inward and outward. This method is computation-
ally infeasible for large scale problems, as every sur-
face point charge influences the computation of every
electric line of force. Furthermore the electric lines of
force can behave erratically if the initial segmentation
contains small scale errors or noise. Recently Kain-
mueller et al. (2013) proposed to use omnidirectional
displacements, which allow each initial surface mesh
vertex to move to uniformly distributed positions within
a ball shaped region around it. Self-intersections are

(a) Medial Axes (b) Flow Lines

Figure 1: Figure 1(a) illustrates the fish-bone like structure of surface
normal direction columns (green) based on the distance to the me-
dial axis (red) in areas where the initial segmentation (black) has high
curvature. Notice that the four inner-most columns do not cross the
sought surface border (blue), which means that the desired solution
can not be represented by the graph and the segmented surface will be
wrong in these positions. Figure 1(b) shows the advantage of columns
based on flow lines (green), notice that all columns cross the sought
surface.

minimized by using regularisation and the solution is
found using Markov Random Field energy minimiza-
tion. The approach is too computationally expensive for
larger problems and so Kainmueller et al. (2013) also
shows how it can be combined with an optimal surface
- unidirectional column type approach. This makes the
method practical for larger problems by using omnidi-
rectional displacements in high curvature regions and
unidirectional columns in low curvature regions. The
two problems are solved sequentially and so the method
does not guarantee global optimality.

In Petersen et al. (2011b) we proposed to use graph
columns defined from flow lines within a regularized
version of the initial segmentation. Flow lines are non-
intersecting and are uniquely defined if the regularisa-
tion is smooth, and noise and small errors in the seg-
mentation are naturally dealt with by the same regulari-
sation. Moreover, fast approximations can be computed
using image convolution. Figure 1(b) illustrates the con-
cept. The method was originally applied to the prob-
lem of segmenting human airway walls in CT images
and has since then been used for segmenting the carotid
artery bifurcation in magnetic resonance imaging (Arias
et al., 2012).

Assessing the dimensions of the airway walls is im-
portant in the study of airway remodelling diseases such
as Chronic Obstructive Pulmonary Disease (COPD)
(Hackx et al., 2012). It is a dual surface problem, con-
sisting of an inner and an outer wall surface, where bi-
furcations form regions of high curvature that would
cause problems for conventional graph construction
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approaches. The vast majority of previous airway
wall segmentation methods have been one- or two-
dimensional in nature. The one-dimensional techniques
work by casting rays from the centre of the airways out-
wards looking for the wall surfaces using the full width
at half maximum edge detection principle (Nakano
et al., 2000), by phase congruency (Estépar et al., 2006),
or more complex models of the scanning point spread
function (Weinheimer et al., 2008). The airway wall sur-
faces resemble concentric circles when seen in a cross-
sectional view centred on and perpendicular to the air-
way centreline. This is what two-dimensional methods
typically exploit to impose some degree of regularity
on the solution (Petersen et al., 2010; Saragaglia et al.,
2006). Three-dimensional methods, however, may use
more of the information present in the image, allow-
ing surfaces to be found more accurately when they are
close to other structures such as blood vessels. More-
over, bifurcation and carina regions, which typically
cannot be segmented with previous two-dimensional ap-
proaches, can be analysed (Liu et al., 2012). Besides
the already mentioned methods of Liu et al. (2012);
Petersen et al. (2011b), a three-dimensional method is
also described in Saragaglia et al. (2006), which evolves
a deformable mesh, constructed from an initial seg-
mentation of the lumen. The evolution is done with
force constraints computed from intensity and gradient
magnitude values; elastic forces penalizing local wall
thickness variations; and regularisation forces, locally
smoothing the result. The method does not guarantee
a global optimal solution and unlike the approaches of
Liu et al. (2012); Petersen et al. (2011b) the two sur-
faces are not estimated simultaneously, and thus the
added knowledge of the position of the exterior sur-
face is not used to improve the inner surface. Ortner
et al. (2010) also proposed to use a deformable mesh.
Their mesh is built from an initial segmentation of the
lumen and its evolution is governed by gradient vector
flow and simplified Lagrangian dynamics and so avoids
self-intersections. The approach was evaluated on sim-
ulated CT data and 15 clinical cases of mild and severe
asthmatics, showing good agreement with segmentation
result and clinical expertise.

This paper is an extension of the work presented in
Petersen et al. (2011b). The main differences are the ad-
dition of a constraint, that forces the outer surface to be
outside the inner; improvements in the parameter tun-
ing, such that all involved parameters are automatically
estimated using a manually annotated training set; ad-
justment of parameters and evaluation of results accord-
ing to the COPDGene phantom (Sieren et al., 2012) to
account for a possible bias present in the manual anno-

tations; and finally the addition of an extensive medical
expert visual evaluation comparing the result of the pro-
posed approach with that of Liu et al. (2012). We show
that the method can be used to measure airway abnor-
malities associated with COPD reproducibly.

2. Methods

2.1. Initial Segmentation
We will assume the existence of a coarse initial seg-

mentation, a single object given by the voxels in the set
S , whose surface should be roughly similar to the sur-
faces we are looking for. For our application we used
an airway tree extraction algorithm based on Lo et al.
(2009), which returns a three-dimensional binary seg-
mentation of the airway lumen.

The initial segmentation needs to be converted to a
mesh. To this end, we used vertices at the centre of
each surface voxel face and the neighbourhood given
by the face edge neighbours, such that each vertex has
4 neighbours. We will denote the vertices in this mesh
with V, and represent the neighbourhood with an edge
set E, where (i, j) ∈ E denotes that the vertices i, j ∈ V
are neighbours.

2.2. Flow Lines
The graph will be defined from flow lines at each of

the mesh vertices. A flow line in a vector field is tan-
gent to the field at each point, and if the field is defined
as the gradient field of a scalar potential φ, it will fol-
low the direction with the greatest rate of change of this
potential. Electric lines of force are examples of flow
lines in an electric field and interestingly the magnitude
of the electric field can be formulated as a convolution
operation. The approach of Yin et al. (2009) can thus
be efficiently approximated using fast convolution algo-
rithms. Rather than being limited to electric fields, we
propose, however, to use the more general case of flow
lines based on scalar potentials defined by the convolu-
tion:

φ(x) =

∫
1S (x̂)R(x̂ − x)d x̂ , (1)

here x is the position to be evaluated and 1S is the indi-
cator function for the initial segmentation S .

In this work we experimented with generating the
potentials from two different types of filters. The first
can be considered a regularised electric line of force ap-
proach:

R(x) =
1

α + |x|2
, (2)
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where α > 0 is the regularisation constant, which makes
R well defined for all x. This regularisation has the
added effect of smoothing the result, which is useful if
the initial segmentation contains noise. When α → 0,
φ becomes proportional to the magnitude of the elec-
tric field at x arising from a continuous ’charge den-
sity’ given by 1S . This option is therefore similar to the
method introduced in Yin et al. (2009). However, rather
than using a discrete set of surface point ’charges’,
which introduce local singularities, φ is defined every-
where and thus allow us to trace the flow lines consis-
tently through the initial surface. The second filter is
given by the Gaussian kernel, which offers more regu-
larisation and more locality because of its faster decay-
ing tails:

R(x) = ce−|x|
2/(2σ2). (3)

The flow lines ϕi : R → Rn, i ∈ V are found as the
solution to the following ordinary differential equation:

∂ϕi

∂t
(t) = ∇φ(ϕi(t)) (4)

with initial value ϕi(0) = i. An implementation (Galassi
et al.) of the Runge-Kutta-Fehlberg method (Fehlberg,
1970) was used to approximate the solutions. At some
point the gradient flattens such that the flow line can no
longer be traced due to numerical issues or the limited
support of the employed discrete convolution kernel, re-
sulting in a column with a finite number of inner and
outer column points relative to i.

With no approximations the running time of com-
puting electric lines of force as suggested in Yin et al.
(2009) is given by O(η× |V |2), where η is the number of
times the gradient needs to be computed to trace each
electric line of force. This is because the charge at each
of the mesh vertices influences the computation of the
gradient needed to compute the electric line of force at
each of the other mesh vertices. However using discrete
convolution, an approximated gradient can be computed
efficiently and represented as an image. Computing the
gradient in an arbitrary position is then a matter of sim-
ple interpolation, and the running time of computing
flow lines as suggested in this work is thus O(η × |V |).

2.3. Graph construction
This section describes how an optimal surface graph

G = (V, E) with vertices V and edges E can be con-
structed, such that the minimum cut of G defines the
sought surfaces.

We will use the term penalty to describe what could
be called a soft constraint, that is, something that has

the effect of increasing the cost and decreasing the like-
lihood of a given solution. A constraint on the other
hand refers to a condition the solution is required to sat-
isfy.

The vertices V of the graph G are arranged in columns
Vm

i = {imk | k ∈ Ki}, one for each vertex i ∈ V
of the initial surface mesh and for each sought sur-
face m ∈ M, plus source s and sink t vertices. Ki =

{−Ii, 1 − Ii, ..., 0, ...,Oi} denote the indices associated
with the sampled flow line with Ii and Oi inner and outer
column points relative to i. In this way, the columns
associated with each sought surface are corresponding,
that is, they represent the same set of possible positions,
given by the sampled flow lines. We therefore have:

V =
⋃

i∈V,m∈M

Vm
i ∪ {s, t} . (5)

In the case of airway wall segmentation, M = {0, 1}
would denote the fact that there is an inner and outer
surface sub-graph.

Let wm
i (k) ≥ 0 denote the surface cost function or the

data term of the optimization problem, which maps a
vertex with index k ∈ Ki in a column Vm

i to the cost of
making this vertex part of the surface m, see Section 2.4.
Also let fim, jn (|k − l|) be a convex non-decreasing func-
tion describing the pairwise cost (or penalty) of vertices
imk ∈ Vm

i and jnl ∈ Vn
j being part of the solution of the

surfaces m, n ∈ M respectively. These pairwise penal-
ties are used to implement surface smoothness and sepa-
ration penalties, see Equation (8). The vertices defining
the sought surfaces N ⊆ V , are then a solution to the
following minimization problem:

N = arg min
N̂⊆V

∑
imk ∈N̂

wm
i (k) +

∑
imk ,i

n
l ∈N̂

fim, jn (|k − l|)

s.t. ∃!k(imk ∈ N̂)

imk , jnl ∈ N̂ ⇒ l ∈ Ω(imk , jn),

(6)

The first of the constraints (∃!k(imk ∈ N̂)) ensures that
one and only one vertex in each column is part of the
solution. This is a needed requirement for the method
to work, and it also has the effect that the topology
of the initial segmentation is preserved in the solution
surfaces. The second constraint (imk , jnl ∈ N̂ ⇒ l ∈
Ω(imk , jn)) enforces pairwise limits on which vertices can
be included, by using the set Ω(imk , jn) = {l′, l′+1, ..., l′+
δ} ⊆ {−I j, 1 − I j, ...O j}. That is, if some vertex imk is part
of the solutionN , then the solution must include one of
the vertices in jnl′ , jnl′+1, ..., jnl′+δ as well.

In our experiments we define the data term based on
image derivatives, as explained in detail in Section 2.4.
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We used the following edge constraints to force the
outer surface to be outside the inner:

Ω(imk , jn) =

{
{k, k + 1, ...,O j} if m = 0 and n = 1
K j otherwise.

(7)

The following pairwise penalty functions were
implemented:

fim, jn (x) =


pmx if m = n and (i, j) ∈ E
qx if m , n and i = j
0 otherwise,

(8)

where E is the neighbourhood defined in Section 2.1, pm

is the smoothness penalty, defining the cost of each in-
dex the solution varies between neighbouring columns
in the same surface m, and q is the separation penalty,
defining the cost for each index the surfaces are sepa-
rated in each column.

Next we will describe how to construct the edge set
E, such that the solution given by a minimum s-t cut
in G satisfies Equation 6. It should be noted that our
construction differs from previous methods (Ishikawa,
2003; Wu and Chen, 2002), in its ability to deal with
columns of varying inner and outer length. First we will
note that the edges of E are directed and are associated
with a capacity and we will use the following notation
(v

c
→ u), to indicate an edge from vertex v to vertex

u with capacity c. We will also remind the reader that
an s-t cut in a graph is a partition of the vertices of the
graph into two disjoint subsets such that s and t belong
to different subsets. The cost of the s-t cut, is the sum
of the capacities of the edges going from the source-
set (the specific subset s belongs to) to the sink set (the
specific subset t belongs to). The vertices in the sought
surfaces N will be given by the vertex imk ∈ V in each
column, which has the highest index k and is part of the
source-set.

The data term can be implemented with the following
edges:

Ed =
{
(imk

wm
i (k)
→ imk+1) | imk , i

m
k+1 ∈ V

}
∪{

(imOi

wm
i (Oi)
→ t), (s

∞
→ imIi

) | imOi
, imIi
∈ V

}
.

(9)

Since each column is a direct line of flow from the
source to the sink, it will always be cut at least once.
However in some degenerate cases, multiple cuts might
exist in each column violating the first constraint of
Equation 6. To prevent this, infinite cost edges directed
opposite to the data term edges are added:

E∞ =
{
(imk

∞
→ imk−1) | imk−1, i

m
k ∈ V

}
. (10)

t

s
j-4

i-2j-3

j-2

j-1

j0

j1

j2

j3

i-1

i0

i1

i2

i3
i4

i5

(a) Data and topology

t

s
j-4

i-2j-3

j-2

j-1

j0

j1

j2

j3

i-1

i0

i1

i2

i3
i4

i5

(b) Smoothness

j-4 0

j-3 0

j-2 0
j-1 0

j 0 0
j 1 0

j 2 0
j 3 0

j-4 1

j-3 1

j-2 1
j-1 1

j 0 1
j 1 1

j 2 1
j 3 1

(c) Separation

Figure 2: Two neighbouring columns Vi and V j showing the graph
construction as implemented in this paper. These columns have Ii = 2
and I j = 4 inner column vertices and Oi = 5 and O j = 3 outer column
points (note m subscript left out for clarity in 2(a) and 2(b)). The
dotted edges have infinite capacity and implement the topology (2(a))
and separation constraints (2(c)). The solid edges have capacities as
determined by the data term (2(a)), smoothness (2(b)) and separation
penalty (2(c)). Here L( j, i) = {−4,−3}, U(i, j) = {4, 5}, and L(i, j) =

U( j, i) = {}.

An example of these edges is given in Figure 2(a).
The edge penalties and constraints can be imple-

mented by the following edges:

Ei =
{{

(imk
4(imk , j

n
l )

→ jnl ) | k ∈ Ki, l ∈ K j
}
∪{

(s
4(imk , j

n
l )

→ jnl ) | l ∈ K j, k ∈ L( j, i)
}
∪{

(imk
4(imk , j

n
l )

→ t) | k ∈ Ki, l ∈ U(i, j)
}

| i, j ∈ V,m, n ∈ M
}
,

(11)

where L and U are the needed lower and upper edge
endpoints, which are missing due to differences in col-
umn inner and outer lengths, see Figure 2 for an exam-
ple:

L(i, j) = {k | k ∈ Ki, k < −I j}

U(i, j) = {k | k ∈ Ki, k > O j},
(12)

and 4 is the capacity of the edges calculated from the
pairwise penalty function:

4(imk , jnl ) =


∞ if l = min Ω(imk , jn)
0 if l < Ω(imk , jn)
4̂im, jn (k − l) otherwise

(13)

where

4̂im, jn (x) =


0 if x < 0
fim, jn (1) − fim, jn (0) if x = 0
fim, jn (x + 1) − 2 fim, jn (x)+
fim, jn (x − 1) if x > 0,

(14)
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ensures that any solution will include the cost of the
pairwise penalties. For a proof of why this is so refer
to Wu and Chen (2002). Notice that 4(imk , jnl ) ≥ 0 for all
imk , jnl ∈ V , so the edge capacities are all positive.

Note there is a computational advantage of using the
linear pairwise penalty functions of Equation 8 com-
pared to non-linear pairwise penalty functions, as far
fewer edges are needed to implement them because
4̂im, jn (x) = 0 for all x , 0. An illustration of these edges
is given in Figure 2(b) and 2(c).

The total edge set E in the maximum flow graph is
given by:

E = Ed ∪ E∞ ∪ Ei . (15)

We used the algorithm described in Boykov and Kol-
mogorov (2004) to find the minimum cut.

2.4. Data Term
In this section we describe how the data term part of

Equation 9 was implemented for the airway wall seg-
mentation problem. The columns, in this case, will usu-
ally start inside the air-filled lumen area, which has low
density, move through the airway wall where the density
rises, and finally end up in the lung parenchyma where
the density falls again. The CT intensity directly reflects
this density change. A common way to find such bound-
aries is to use weightings of the first and second order
derivatives of the intensity along the columns (Li et al.,
2006; Liu et al., 2012; Petersen et al., 2010). Because
the extrema of the second order derivative are slightly
shifted and on opposite sides of the first order deriva-
tive weighting the derivatives allows one to adjust the
position of the found surface according to some known
ground truth. In this way one can adjust for bias intro-
duced by partial volume effects:

ŵ0
i (t) =

{
(1 − |γ0|)di(t) + γ0

∂di(t)
∂t (t) if di(t) > 0

0 otherwise
,

(16)

ŵ1
i (t) =

{
(|γ1| − 1)di(t) + γ1

∂di(t)
∂t (t) if di(t) < 0

0 otherwise
,

(17)

where γ0, γ1 ∈ [−1, 1] are the weights, di(t) =
∂I◦ϕi
∂t (t), is

the first order derivative of the image intensity I along
the flow line ϕi. To get the actual cost functions, the
functions are inverted:

wm
i (k) = max

j∈V,l∈K j

ŵm
j ( jml ) − ŵm

i (imk ). (18)

Numerically we approximate the derivatives using cen-
tral differences from cubically interpolated values.

3. Experiments

Experiments were conducted with three methods bas-
ed on different ways of constructing the columns. One
was a method using straight columns S k,τ, as described
in Liu et al. (2012), where the medial axes and nor-
mals were determined using the method of Dey and Sun
(2006) using k neighbours and an error tolerance of τ
respectively. We refer to the original article for a defi-
nition of these parameters. The other two methods used
the proposed flow line columns calculated using convo-
lution kernels based on Equation 2 and using a Gaussian
of scale σ, denoted Fα and Fσ respectively. The reso-
lution of the initial mesh used in the experiments was
0.5 mm × 0.5 mm × 0.5 mm and the flow lines were
sampled at 0.5 mm arc length intervals.

3.1. Data

The material used comes from the Danish Lung Can-
cer Screening Trial (DLCST) (Pedersen et al., 2009).
The images were obtained using a Multi Detector CT
scanner (16 rows Philips Mx 8000) with a low dose (120
kV and 40 mAs), and reconstructed using a hard kernel
(D) with a resolution of approximately 0.78 mm × 0.78
mm × 1 mm.

Lung function measurements were performed ac-
cording to recommendations by the European Respira-
tory Society (Miller et al., 2005) using a computerized
system (Spirotrac IV; Vitalograph, Buckingham, UK).
No bronchodilation was applied.

As in Petersen et al. (2011b) we use a randomly se-
lected training and test set of 8 and 7 images for pa-
rameter tuning and evaluation. From the test and train-
ing data set we extracted 329 and 319 two-dimensional
cross-sectional sub-images with a resolution of 0.5
mm × 0.5 mm at random positions perpendicular to
and centred on the airways. We then manually anno-
tated these images with lumen Ml and complete air-
way Ma area. Some of the sub-images contain regions,
which we will denote X, which belong to other airway
branches. As the orientation of these other branches
is unknown annotation may be difficult, and they were
therefore marked and excluded from the analysis. The
COPDGene phantom (Sieren et al., 2012) was scanned
with the DLCST protocol and the 6 airway-like tubes
present in the phantom were used to further adjust
method parameters and validate segmentation accuracy.
Additionally we randomly selected 499 subjects for the
medical expert visual comparison. 490 of these had re-
peated scans and spirometry within a two year period
and were further selected to evaluate reproducibility of
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measures of airway morphology as well as their correla-
tion with lung function. Of these, 266 are men and 270
were found to be asymptomatic at first scan time, 143,
71 and 6 had COPD stage 1, 2 and 3 respectively accord-
ing to the criteria of the global initiative for chronic ob-
structive lung disease (Rabe et al., 2007). The average
scan interval was 432 ± 32 days. The average absolute
interval between scan and lung function measurement
was 12 days.

3.2. Parameter tuning
The methods have inner and outer smoothness penal-

ties, inner and outer cost function derivative weightings
and separation penalties, denoted pm, γm and q where
m ∈ {0, 1} respectively, plus the method specific param-
eters, that is k, τ (Section 3) and α and σ (Section 2.2).
Optimal values of all these parameters were obtained by
searching the parameter space on the training data set
using an iterative algorithm. In each iteration, a param-
eter is searched by probing upper and lower search inter-
val limits. If no improvement is detected in the average
value of the error metric Φ, see Section 3.3, over all sub-
jects in the training set, the intervals are halved around
the current best guess and the process is repeated. This
continues until a better guess is found or the difference
between the upper and lower search intervals becomes
less than a threshold. The search then proceeds with
the next parameter in a loop with reset upper and lower
search interval limits until no more parameters get up-
dated. In order to avoid getting stuck in a local mini-
mum, the algorithm was repeated 10 times using ran-
dom values as initial guesses for the parameters.

3.3. Comparison with manual annotations
We evaluate the correctness of a segmentation in the

cross-sections using the relative area of overlap outside
the excluded area, Φ as follows:

Φ(Ml,Ma, Al, Aa, X) =
|(Ml∩Al)\X|
|Ml\X|+|Al\X|

+
|(Ma∩Aa)\X|
|Ma\X|+|Aa\X|

, (19)

where Al and Aa denote lumen and complete airway area
as found by the algorithms.

Define the contour C(A) of an area A as the set of
pixel centres belonging to A, where at least one of the
pixels in the standard 4-neighbourhood is not part of A.
The average contour distance was then defined by:

Ψ(Ml,Ma, Al, Aa, X) = mean
x∈C(Al\X)

d(C(Ml \ X), x)/2+

mean
x∈C(Aa\X)

d(C(Ma \ X), x)/2 ,

(20)

where d(A, x) defines the minimum euclidean distance
between the point x and the set A. Note, that this valida-
tion is performed in resampled images of the resolution
of the graph, which is higher than the original image
resolution.

3.4. Phantom experiments

It has been established that humans tend to underes-
timate the lumen and overestimate the wall area (King
et al., 2000) and graph segmentations tuned to manual
segmentations are likely to be biased in the same man-
ner. We therefore conducted a second round of tuning
of the data term parameters γ0 and γ1 of all the meth-
ods involving the COPDGene phantom as ground truth.
The airway-like tubes of the phantom were initially seg-
mented using a region growing approach with an upper
threshold of -900 HU. The unsigned relative deviation
of the inner and outer radii on each tube was used as an
error metric both to tune the parameters and to evaluate
segmentation performance.

3.5. Observer study

As a final comparison between Fσ and S k,τ we let a
medical expert (MMWW) judge the quality of the seg-
mentations using the phantom tuned parameters. For
each subject in the data set a single random position
in the airway tree was selected. In this position three
cross-sectional images were extracted perpendicular to
the centreline. One image containing the original scan
data and the other two the original scan data overlaid
with the segmentation results of the two methods. We
automatically removed all segmented components not
connected to the centre-most pixel, to restrict evalua-
tion to the part of the airway viewed perpendicularly.
The medical expert was presented with these three im-
ages in one view and was asked to decide among four
options: 1) result of method a is best, 2) result of method
b is best, 3) both results are of equal quality, or 4) not
enough information is present to make the decision. The
expert could scroll through the scans of the data at will,
but was blinded to which method created them. When
moving to the next scan, the position of the segmented
images in the view would switch randomly. Figure 5
column 1, 3 and 4 illustrate how these images look.

It should be noted that Fα was not included in this fi-
nal comparison as we thought it would complicate mat-
ters unnecessary to have the medical expert choose be-
tween three methods of which two were our own. We
therefore did the comparison with the variation of our
method which performed the best on the manual anno-
tations (Section 4.1).
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Method S k,τ Fα Fσ

p0 125 30 48
p1 194 213 23
γ0 −0.36 −0.34 −0.41
γ1 −0.43 −0.31 −0.57
q 5.2 6.2 6.8

Table 1: Optimal parameters obtained using the training set and phan-
tom. In addition k, τ, α, and σ were estimated to be 103, 4.6, 0.03, and
0.50.

3.6. Reproducibility and correlation with lung function
Airway centrelines and branch generations were ex-

tracted from the airway tree with a front propagation
method, as described in Lo et al. (2012). Airway mor-
phology was quantified using Lumen Diameter (LD)
and Wall Area percentage (WA%) computed from dis-
tances of the inner and outer surfaces to the nearest
point on the centreline. Measurements were averaged
by branch generations, with trachea assigned genera-
tion zero. We assume that changes in the airways due
to disease are relatively minor in the roughly one year
period between the repeated scans, and that changes in
the measures are mostly due to measurement variability.
We quantify the reproducibility of the measures, with
the coefficient of determination, calculated from Pear-
son product moment correlation coefficients.

4. Results

Table 1 shows optimal parameters obtained using the
training set and phantom as described in Section 3.2 and
3.4.

Figure 3 illustrates the effect of the different column
construction approaches on what constitutes ”smooth”
solutions in terms of the implemented penalties. It also
illustrates the issues S k,τ has with shorter columns in
high curvature areas.

Running the methods on an image from our data usu-
ally takes less than 5 minutes (On a 1.6 GHz laptop us-
ing no parallelisation) using up to 4 GB of memory.
Figure 4 shows a visualization of a three-dimensional
segmentation result of Fσ and Figure 5 shows cross-
sections illustrating results of the investigated methods.

4.1. Comparison with manual annotations
Table 2 shows the results of the comparisons with the

manual annotations in the test data set, for each of the
investigated methods using the optimal parameters. All
methods performed well; no method had an average rel-
ative area of overlap of less than 0.871 and a maximum

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Figure 3: Identically coloured pixels illustrate solutions with zero
smoothness penalty at different column indices. The outer-most red
surface is the initial segmentation surface. The first column of images
is the original scan, the next are of the S k,τ, Fα, and Fσ methods re-
spectively. S k,τ is most notably different from the flow line approaches
in the high curvature areas, where a decreased smoothness can be ob-
served, likely due to shorter columns. The surfaces of Fσ are different
from Fα due to an increased local regularisation with limited long
range effects, which is especially apparent in the bifurcation regions,
where the surfaces of the two branches join earlier.

(a) Interior surface (b) Exterior surface

Figure 4: Three-dimensional visualizations of an inner and outer sur-
face extracted by Fσ.
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

(q) (r) (s) (t)

Figure 5: The first column of images from the left shows cross-
sections extracted perpendicular to the centre-most airway centreline.
The rest towards the right show the same but overlaid with the ini-
tial segmentation and the segmentations of S k,τ and Fσ respectively.
Only the lumen (green) and wall (blue) segmentations connected to
the centred airway are shown. Notice how the flow line based method
does better in the region with high curvature between the bifurcating
airway branches in 5(d) and 5(h) compared to results of S k,τ seen in
5(c) and 5(g). Also note the less noisy and more smooth result of
Fσ compared to S k,τ illustrated in the third row, showing how the
flow line approach is better able to deal with the relatively poor initial
segmentation. The second to last row illustrates how neither of the
methods are able to correct larger errors in the initial segmentation,
such as the over-segmented area encircled in 5(n). The last row shows
a segmentation result near the mediastinum, where the outer border
has weak contrast. In such situations the implemented smoothness
penalties help find the surface by integrating information from nearby
areas where the contrast is stronger.

Method Φ Ψ (mm)
S k,τ 0.871 ± 0.075 0.135 ± 0.149
Fα 0.883 ± 0.066 0.110 ± 0.134
Fσ 0.893 ± 0.058 0.096 ± 0.097

Table 2: The results of different methods and kernels on the test data
set with 319 manually annotated slices. Mean ± standard deviation of
(19) and (20). The best result marked with a bold font.
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Figure 6: Result on the manually annotated test data set by subject of
Fσ (red), Fα (green) and S k,τ (blue). Bar shows median, box at lower
and upper quartiles, and whiskers at interquartile range.

average curve distance of more than 0.135 mm. Fσ

achieved the significantly best result (p < 0.05) and the
smallest variance in the quality of the results (p < 0.05)
in terms of both metrics, while results of S k,τ were the
worst (p < 0.001). Results were compared using a
Wilcoxon signed-rank test and a two-sample F-test re-
spectively. It should be noted that these tests assume
the samples to be independent, which can be questioned
given that multiple cross-sectional slices were selected
from each of the scans. However the mean accuracy of
Fσ was better than S k,τ in every single subject and using
both metrics, which is significant in itself (p < 0.05).
Figure 6 shows the results by subject.

4.2. Comparison with phantom

Table 3 shows the results of the phantom segmenta-
tion. Interior and exterior radii were estimated to within
an average unsigned error of 6.6% (-15.4 % to 7.6 %)

Interior radius (mm) Exterior radius (mm)
Tube Measured Actual Measured Actual
0 3.23 3 4.14 4.5
1 3.00 3 3.80 3.9
2 1.27 1.5 2.13 2.1
3 1.33 1.5 2.11 2.1
4 3.10 3 3.98 4.2
5 3.07 3 3.94 4.2

Table 3: Measured and actual phantom radii in mm.

9



0 1 2 3 4 5 6 7 8

Generation

R
2

0.
0

0.
2

0.
4

0.
6

0.
8

(a) Reproducibility

0 1 2 3 4 5 6 7 8

Generation
ρ

−
0.

4
−

0.
2

0.
0

0.
2

(b) Lung function

Figure 7: Figure 7(a) shows the reproducibility of the measures, LD
(blue) and WA% (green), in repeated scans quantified as R2 in branch
generations 0 to 8. Figure 7(b) shows significant (p < 0.01) Spearman
correlation coefficients of the same measures with lung function.

and 4.0 % (-8.0 % to 1.5 %) respectively. In absolute
terms the radii deviated an unsigned average of 0.13 mm
(-0.23 mm to 0.23 mm) and 0.16 mm (-0.36 mm to 0.16
mm) respectively, which is well below the graph resolu-
tion used.

4.3. Medical expert observer comparison

Out of the 499 evaluated cases the medical expert
judged the flow line approach to be best in 342 cases,
which is significantly more than the 56 cases in which
the approach of Liu et al. (2012) was judged to be best,
with p < 0.001 according to a proportion test. In 92
cases results were found to be of equal quality and in 9
cases the expert ruled that not enough information was
present to judge.

The distribution of the proportion of cases where the
flow line approach was judged to be best with respect to
relative position of the cross-section within the branch
was investigated to reveal whether the beginning, top
20% of the centreline; ending, bottom 20%; and middle,
the rest of the branch was handled better than with the
approach of Liu et al. (2012). The observer preferred
the proposed approach in significantly more cases in all
parts of the branch according to a proportion test (p <
0.001), specifically, 71 out of 107 cases (66%) in the
beginning, 211 out of 301 cases in the middle (70%) and
60 cases out of 82 in the bottom (73%). The proportions
were not significantly related to branch position (p =

0.59).

4.4. Airway abnormality measurements

Figure 7(a) shows reproducibility of LD and WA%
quantified as repeat scan R2. In general both measures
have good reproducibility down to generation 5 (R2 >
0.73) and the reproducibility is falling with increasing
generation.

Figure 7(b) shows Spearman’s correlation coeffici-
ents ρ of the measures and lung function measured by

Forced Expiratory Volume in one second as a percent-
age of the predicted value (FEV1 (% predicted)). LD is
positively correlated, indicating luminal narrowing with
COPD, whereas WA% is negatively correlated, indicat-
ing wall thickening. Correlation is seen to increase with
generation until generation 5.

5. Discussion

In this paper we have shown how optimal net surface
graphs based on columns defined from properly gener-
ated flow lines can be used to accurately find multiple
interacting surfaces in multiple dimensions. Compared
to previously used straight columns, the method should
be better able to handle high curvature regions and noisy
initial segmentations. We have demonstrated how the
approach can be used to find the surfaces of the airway
walls in CT images. The high reproducibility of the re-
sulting airway abnormality measurements as well as the
fact that the measurements show significant correlation
between decreased lung function and luminal narrow-
ing and wall thickening, in agreement with the current
knowledge of the disease process in COPD, indicate the
method can be used to measure abnormalities caused by
COPD up to at least generation 5.

We experimented with two different convolution ker-
nels to obtain the flow lines, both giving good results.
For our specific application, the Gaussian kernel Fσ per-
formed better than Fα, which we think is mainly due to
it tending to zero much faster, limiting long range ef-
fects while providing strong regularization near the po-
tentially noisy initial surface. The most suitable ker-
nel and kernel parameters may vary per segmentation
task. In cases where one of the true surfaces can be far
from the initial segmentation for instance, a kernel with
longer tails may be needed.

In this work, we performed an extensive parameter
tuning for each of the methods to allow for an as objec-
tive comparison as possible. However, it is our expe-
rience that results are not very sensitive to the settings
of these parameters and suitable settings can already be
obtained by a few trial and error runs using visual in-
spection of the segmentation results.

The graph resolution was set relatively low (0.5 mm),
compared to that of Liu et al. (2012) (0.1 mm) to limit
computation times and memory consumption. This re-
sults in a slightly lower accuracy on phantom scans than
what Liu et al. (2012) report, however, there is no reason
to doubt if the improvement in accuracy on real data as
seen with our approach will carry over to higher graph
resolutions as well.
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The chosen mesh is not very smooth and so it could
be questioned whether the methods perform differently
simply because of differences in their ability to deal with
this non-smoothness. To explore whether this was the
case we repeated the training (Section 3.2) with meshes
based on the marching cubes algorithm, as was used in
Liu et al. (2012) and a smooth mesh based on Bois-
sonnat and Oudot (2005) and evaluated their results on
the test set (Section 3.3). The mesh based on Boisson-
nat and Oudot (2005) overall performed similar to our
mesh, whereas marching cubes performed significantly
worse with each of the investigated methods. Moreover
the ordering of the methods in terms of results seemed
to be preserved. This indicates that our mesh choice is
not the cause of the differences. An advantage of our
mesh is that each vertex has a constant number of ad-
jacent vertices (four) and the distance to its neighbours
varies less than with the tested alternatives. This regu-
larity helps make the graph smoothness penalties work
more evenly across the surface.

Estimating both airway wall surfaces simultaneously
using the initial lumen surface as a prior, makes sense,
as the lumen surface is easier to segment than the outer
wall surface. This is because the contrast between the
outer wall surface and abutting structures, such as ves-
sels can be very low. In low contrast areas results be-
come more driven by smoothness penalties. If the initial
segmentation is not unreasonable, good segmentations
can be achieved even in these regions as seen in Fig-
ure 5(d), 5(h) and 5(t), however in cases where contrast
is low and the initial segmentation is also poor, errors
can occur. Examples of this can be seen in Figure 5(l),
where the wall area in the vascular contact region seems
to be underestimated. Sensitivity to the accuracy of
the initial segmentation is however not unique to the
proposed approach, as all previously developed three-
dimensional airway wall segmentation approaches (Liu
et al., 2012; Saragaglia et al., 2006) depend on an initial
segmentation and one and two-dimensional methods re-
quire an accurate estimation of the centreline (Petersen
et al., 2010; Weinheimer et al., 2008; Estépar et al.,
2006). The method we used to obtain the initial seg-
mentation is state-of-the-art and has been shown to have
very few false positives (Lo et al., 2009). Moreover as
the lumen segmentation in general seem to be improved
compared to the initial segmentation, it is possible that
further improvements could be achieved by multiple it-
erations of the proposed approach.

Although manual annotations can be biased (King
et al., 2000), comparison with them is still a valid way to
assess a method’s ability to find the airway surfaces in a
realistic setting. Manual tracings were used in a similar

fashion in Li et al. (2006) in 39 randomly selected slices
outside the bifurcation areas. The unsigned errors were
reported to be 0.10 ± 0.11 and 0.12 ± 0.12 mm for the
inner and outer surfaces respectively, which is similar to
what our approach achieved.

An ability to pick up significant changes in air-
way dimensions related to disease has, to our knowl-
edge, not been demonstrated by previous fully auto-
matic three-dimensional airway wall segmentation ap-
proaches. However, other one and two-dimensional ap-
proaches have, and significant correlation have for in-
stance been reported with lung function using the ap-
proach of Weinheimer et al. (2008) in Achenbach et al.
(2008), using the full width at half maximum princi-
ple in Nakano et al. (2000) or with exercise capacity in
COPD using the approach of Estépar et al. (2006) in
Diaz et al. (2010). One should exercise care in draw-
ing conclusions from comparisons of these studies as
there are important differences in patient characteris-
tics, and the number of healthy participants, however,
our results are within the range reported by them (WA%
coefficients of −0.338 (Nakano et al., 2000) to −0.560
(Achenbach et al., 2008)).

Scan-rescan repeatability of the measures was good,
but did decrease from generation 6 and onwards as can
be seen in Figure 7(a). A large part of this decline can
probably be explained by missing branches in the initial
segmentations, leading to different branches contribut-
ing to the airway measures per generation at the differ-
ent time points. Comparing the number of segmented
branches to the expected value, assuming a binary tree
structure, revealed that almost all the branches were
segmented in generation 5 (97%), whereas the num-
ber had dropped to about 62% in generation 6. Mea-
surements conducted in corresponding branches, as op-
posed to generations, might thus still be reproducible
after generation 5, as was also seen in Petersen et al.
(2011a) where image registration was used to do branch
matching and limit measurements to repeatedly found
branches. The use of higher dosage and resolution scans
would probably also result in a higher number of de-
tected branches and higher accuracy in placing the air-
way wall borders, due to a better definition of edges in
especially the smaller airways. This should further im-
prove reproducibility and correlation with lung function
especially beyond generation 5.

We expected to see a higher frequency of cases where
the proposed method was found superior in the high
curvature areas near the bifurcations. The medical ex-
pert visual inspection did show a slightly higher pro-
portion in the ending compared to the top and middle
parts of the branches, but the difference was not signif-
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icant. The results show the proposed method actually
improves many cases outside bifurcations as well. An
example is given in Figure 5. This could be due to small
errors in the initial segmentation, which make it diffi-
cult to obtain good estimates of the normal directions.
In such cases increased regularisation may help the flow
line approach and even if the flow lines follow the same
erroneous directions close to the initial segmentation, as
they move away, the directions will be relatively more
determined by long range interactions, and thus the er-
rors will be evened out.

6. Conclusions

To conclude, a new graph construction technique ap-
plicable to multi-dimensional multi-surface segmenta-
tion problems was proposed. The method runs in poly-
nomial time and is able to penalize for non-smoothness
and separation of the found surfaces. The results are
guaranteed to not self-intersect and are robust in regions
with large curvature.

We applied the method to the problem of segment-
ing human airway walls in CT images based on an ini-
tial coarse airway lumen segmentation, and results were
shown to be significantly more accurate than those of
another recently published graph based method. Phan-
tom dimensions were estimated to sub-voxel resolution,
and large scale evaluations on 980 images from a lung
cancer screening trial showed both good reproducibil-
ity of the obtained airway abnormality measures and a
significant correlation with lung function.
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