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Abstract We present a computational efficient method

for isotropic hyper elasticity based on functional analy-

sis. By selecting a class of shape functions, we arrive at a

computational scheme which yields very sparse tensors.

This enables fast computations of the hyper elastic en-

ergy potential and its derivatives. We achieve efficiency

and performance through the use of shape functions

that are linear in their parameters and through rotation

into the eigen space of the right Cauchy-Green strain

tensor. This makes near real time evaluation of hyper

elasticity of complex meshes on CPU relatively easy to

implement. The approach does not rely on a specific

shape function or material model but offers a general

framework for isotropic hyper elasticity. The method is

aimed at interactive and accurate non-linear hyper elas-

tic modeling for a wide range of industrial virtual design

applications, which we exemplify by insertion of hearing

aid domes into the ear canal. We validate the method

for tetrahedral meshes with linear shape functions with

an Ogden material model by comparing simulations to

deformations of real material. We illustrate the use of

other shape functions and models using uniform cubic

B-splines in combination with Riemanian elasticity.
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1 Need for Accuracy and Large Deformation

Handling in Interactive Simulations

In production companies, there is a need for rapid de-

velopment tools and test of proof-of-concepts as fast as

possible and preferably interactive in which accuracy

is of crucial importance. Traditional computer graphics

methods for interactive simulation of deformable mod-

els, though fast, cannot be applied to industrial virtual

design. These methods cannot handle large deformation

while simulating materials accurately enough. When

modeling mechanical solids the hyper elastic model is

most often used in the context of Finite Element Model-

ing. Elasticity is in general rather complex to estimate,

especially due to its highly non-linear structure [6]. As

a result, numerous approximations have been suggested
such as linear elasticity and co-rotational formulation.

However, due to the fact that these are approximations

and the elasticity is highly non-linear, such models are

only good for small deformations. In practice these only

model realistic deformations so small that they cannot

be seen by the naked eye. Thus, an efficient scalable and

parallel method for calculation of the hyper elasticity is

needed especially in interactive computer simulations.

As an example and motivating case for this need of

more correct models and methods, Figure 1 illustrates

a prototype design optimization tool. Here, the task is

shape optimization with respect to correct insertion of

hearing domes into the ear canal. The general task is

to investigate the fit of the dome in a particular ear,

enabling further calculations. The tool is intended for

visual inspection of new design ideas.

We present a parallel and fast computational method

for the quasi-static equilibrium simulation of isotropic

hyper elastic materials. Our method is based on func-

tional formulation, as opposed to variational, shape func-
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Fig. 1 Virtual design tools for optimizing hearing aid production requires both fast performance as well as accurate simulations
of large deformations and nonlinear materials. In (a)-(d) we have shown frames from an animation of a dome fitting simulation.
In (e)-(h) the same animation is shown form a different view. In (i) the dome is shown inside the ear canal.

tions which are linear in their parameters and decom-

position into principal stretches. From this, we arrive

at a formulation where the tensors become very sparse

thus making fast efficient and accurate calculations pos-

sible. Furthermore, we can easily rotate into the eigen

space of the right Cauchy-Green strain tensor making

the implementation of a wide range of hyper elastic

models very easy through the use of the chain rule. The

method exploits analytical derivatives for the strain en-

ergy density functions by insertion of the generalized

shape functions and the use of the chain rule. We de-

scribe the math behind a fast implementation scheme of

isotropic hyper elastic materials. The scheme supports a

wide range of material models such as the St. Venant–

Kirchoff, Riemannian [27] elastic material model, the

Ogden [26] material model or models such as volume

preservation. We assume global differentiability; how-

ever, we show that local linear shape functions numeri-

cally are stable as well. The framework originates in ge-

ometry and is based on the right Cauchy-Green strain

tensor and its eigen values (squared principal stretches).

We form analytical derivatives of the eigen values with

respect to the transformation parameters independent

of the parameterization.

The rest of the paper is organized in the follow-

ing way: Section 2 present the related work, Section 3

presents the general approach, Section 4 presents the

experiments and validation as well as flexibility of the

method. Finally we summarize in Section 5 and present

our conclusion in Section 6.

2 Related Work on Interactive Physical

Accurate Deformable Models

Deformable models cover a wide range of simulations

from solids, shells, rods, wires to cloth and hair [2,5,8,

15,29]. The methods range from physical based to more

ad hoc or geometry inspired methods [7,9,23]. We need

to handle real materials undergoing large deformations

in an interactive application. Thus, we focus only on

work relevant to interactive physical based simulation

of solids. Other interactive works are not well suited

for accurate material simulation such as the versatile

method and position-based-physics [22,35].

Initial work on deformable models were based on fi-

nite difference methods and differential geometry mea-

sures such as first and second fundamental forms [34].
Green strain and Piola Kirkhoff stress tensors are often

applied for offline animation methods [3,4,11,16,25,32,

33]. Whereas the co-rotational linear FEM – based on

Cauchy strain and stress tensors – is often favored for

interactive animation [12, 13, 20, 21, 36, 38]. It is mostly

FEM methods that have been used and are in our view

considered the dominating methods. There are few ex-

amples of finite volume methods as well [32]. An alter-

native paradigm is mesh free methods similar to SPH

[24]. Overall, one can characterize this work as using

linear shape functions for interpolation. Our approach

only considers minimization of the strain energy and as

such we have no explicit need to work with strain and

stress tensors. However, we do form the right Cauchy–

Green strain tensor since our material models is ex-

pressed in terms of its invariants. These invariants are

strongly related to polar decomposition of the defor-

mation gradient, particular useful in computer graph-

ics for dealing with inversion of elements [14, 17, 28].

Several methods have been used for this singular value
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decomposition, polar decomposition, linear regression

by energy minimization in a quaternion representation.

We disregard inversion, though handle it numerically,

as this is not an issue for real world materials, and ex-

ploit the found eigen values to make a favorable mate-

rial representation. Tetrahedral meshes using four node

elements (T4) are by far the most used meshes for

FEM methods in computer graphics. However, there

are examples of other mesh types such as hexahedral

meshes [18]. In this work, we show examples using T4

meshes. However, our theory generalizes to other types

of elements which we exemplify with uniform cubic B-

splines. The most widely used material models in com-

puter graphics are the neo-Hookean and St. Venant–

Kirkhoff material models. These can also be included

in our work as well as Ogden material model, Riema-

nian elasticity and a volume preservation strain en-

ergy model. In combination, these choices in an easy

to implement method that is massively parallelizable

and very robust towards large deformations. Further,

it offers a generic framework for interchanging material

models and shape functions for the elements.

3 Static Equilibrium Method for Hyper Elastic

Materials

When inserting a dome into the ear canal, we seek to

minimize the strain energy subject to the constraint

that the dome does not interpenetrate the tissue. The

strain energy density function ψ can be tailored specif-

ically for the type of material and behavior desired. In

this work, we have looked at four different functions,

volume preservation, Riemanian elasticity, St. Venant–

Kirchhoff and Ogden material models. All models that

can be formulated in terms of the principal stretches

(see below).

The deformation is given by x = φ(X) where X,x ∈
R3 is the material and spatial coordinates respectively.

The elastic strain energy is given by the material energy

functional

W =

∫
V

ψ (F(X),X) dV (1)

where the deformation gradient is given by

F =
∂φ(X)

∂X
= ∇0x (2)

Here x = φ(X) is the material to spatial deformation.

We seek the unknown deformation function φ : X 7→ x

such that the variation of the strain energy vanishes.

That is; we wish to find the function φ that fulfills the

Euler–Lagrange equations,

∂ψ

∂φ
−

3∑
i=1

∂

∂Xi

(
∂ψ

∂Fi∗

)
= 0, (3)

For isotropic hyper elastic materials the strain energy

density function is independent of the spatial coordi-

nates, thus ∂ψ
∂φ = 0. Using the Euler-Lagrange equation,

our problem can be written compactly as 1

∇0 ·
∂ψ

∂F
= 0 (4)

To avoid solving for an arbitrary unknown function φ,

we choose an approximation having the form

φ(X) ≈ φ̂(X) = X +
∑
j

Bj(X)ûj (5)

where all Bj(X)’s are shape/weight functions and ûj
can be interpreted either as some discrete nodal dis-

placements or as a parameter vector for the shift of ba-

sis given by Bj(X). This approximation brings a finite-

element method flavor to our solution method. Our ap-

proximation gives us

F ≈ F̂ = ∇0

X +
∑
j

Bj(X)ûj

 (6a)

= I +
∑
j

∇0 (Bj(X)ûj) (6b)

= I +
∑
j

ûj ⊗∇0Bj(X) (6c)

Next we substitute the approximation into our strain

energy functional to obtain a function

Ŵ =

∫
V

ψ
(
F̂(X),X

)
dV (7a)

=

∫
V

ψ

I +
∑
j

ûj ⊗∇0Bj(X)

 ,X

 dV (7b)

The consequence is that rather than solving the varia-

tional problem given by the functional W , we can min-

imize the function Ŵ with respect to the unknown ûj
values. That is; we solve for the first order optimizer

given by the zero gradient2

∂Ŵ

∂ûj
=

∫
V

∂ψ

∂F
:
∂F̂

∂ûj
dV = 0 ∀j (9)

1 Observe that this is in fact the Cauchy equation for the
case with no body or inertia forces
2 The result of the chain rule can be written in a more

convenient form using the contraction as we have

∂ψ

∂F
:
∂F̂

∂ûj
=

∑
a

∑
b

∂ψ

∂Fab

∂F̂ab

∂ûj
(8)
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Observe that the term ∂ψ
∂F is in fact the first Piola–

Kirchhoff stress tensor. We postpone giving a final for-

mula for the term ∂F̂
∂ûj

. Instead, we will here describe

how (9) is solved. We opt for simplicity, robustness and

ease of implementation and apply an iterative approach

using a gradient descent method

ûk+1 = ûk − τk ∂Ŵ
∂ûj

∀j (10)

where τk is the step length of the kth iteration resulting

in a damped line–search to globalize our method and

prevent overshooting. Observe that the minimization

problem could be solved using other types of numerical

methods. For instance, we have experience using the

L-BFGS method [37]. This is a quasi Newton method

which only needs to evaluate the strain energy gradient

in each approximation.

We solve the integral given in (9) using some nu-

merical integration method such as the midpoint rule

or similar. We continue the iteration (10) until the norm

of the strain gradient is sufficiently small or the change

in the deformation F is insignificant. In our implemen-

tation we use a threshold value of 10−7 for both of these

stopping criteria.

3.1 Penetration Constraints

To deal with penetrations, we use a soft constrain ap-

proach. We employ a scalar field based on an Euclidian

distance transform [1, 19, 31] which acts as a soft con-

straint based on the geometry. This is the simplest way

when simulating with an impression of the ear. This can
be viewed as a surface registration problem as in [10].

F [S1, S2,φ] =

∫
S2∩φ◦S1

D[S2,φ ◦ S1]ds (11)

where D is the penalty function, S1 and S2 are the

interacting surfaces

For the material verification, we use a hard con-

straint where we lock the position of the top and bottom

of the object increasingly applying the displacement to

the top of the cylinder to maintain our diffeomorphism

avoiding mesh inversions.

3.2 Real World Materials

The physical behavior of an isotropic hyper elastic ma-

terial is invariant with respect to translation, rotation

and the path taken. Therefore we can formulate any

isotropic strain energy density function as a function of

the eigen values λ2i for i = 1, 2, 3 of the right Cauchy-

Green strain tensor

C = FTF =
∑
i

λ2iNi ⊗Ni (12)

where Ni are the respective eigenvectors3. Among strain

energy density functions we have used are volume preser-

vation, Riemanian [27], St. Venant–Kirchoff, and Og-

den [26]. These functions are given as

ψvol = (
∏
i

λ
1
2
i − 1)2, (13a)

ψrie =
µ

4

∑
i

log2 λi +
λ

8

(∑
i

log λi

)2

, (13b)

ψsvk =
µ

4

∑
i

(λ
1
2
i − 1)2 +

λ

8

(∑
i

(λ
1
2
i − 1)

)2

(13c)

ψogden =

N∑
p=1

µp
αp

(
λ
αp
2

1 + λ
αp
2

2 + λ
αp
2

3 − 3
)

(13d)

where µ and λ are the Lame constants. Observe that

the first Piola–Kirchhoff stress tensor may be written

as a transformation of the second Piola–Kirchhoff stress

tensor S

∂ψ

∂F
= P = FS (14)

The second Piola–Kirchhoff stress tensor may be found

through the relation

S = 2
∑
i

∂ψ

∂λ2i
(Ni ⊗Ni) (15)

Combining this with (9) we now have

∂ψ

∂F
:
∂F̂

∂ûj
= 2F

(∑
i

∂ψ

∂λ2i
(Ni ⊗Ni)

)
:
∂F̂

∂ûj
(16)

It is straight forward to compute ∂ψ(φ)
∂λ2

i
i.e. for Ogden

material model

∂ψogden(φ)

∂λ2i
=

N∑
p=1

µλ
α
2−1
i (17)

Now from (6) we find that

∂F̂

∂ûj
=
∂
∑
j ûj ⊗∇0Bj

∂ûj
(18)

which can be calculated as

∂F̂ab
∂(uj)c

=

{
(∇0Bj)c iff a=c

0 otherwise
(19)

3 One may also use the eigen values of the left Cauchy–
Green strain tensor b = FFT as they are the same.



Fast Hyper Elasticity Method 5

3.3 Computational Mesh and Basis Function

Given the parameterization in (5) we are restricted to

select shape function which meet the criteria of differ-

entiability everywhere and are of the form given by (5).

This will ensure a conforming function over the entire

domain. We will briefly discuss two different choices of

shape functions that we have successfully applied. One

is based on a tetrahedral mesh using linear interpolation

on the tetrahedral elements and the other interpolation

is based on a regular grid using cubic B-splines. The

linear interpolation is not conforming at the interface

between elements. However, it is everywhere else and

we choose to neglect this inconsistency and show that

this in practice works fine. The cubic uniform B-splines

on the other hand are conforming. However, implemen-

tation of hard constraints is quite difficult as these can

only be found iteratively. One way of using the B-splines

is to embed the tetrahedral mesh in the regular B-spline

grid and work with soft constraints on penetrations.

4 Results and Experiments

We have aimed at verifying our method by examin-

ing various properties in isolation. We use tetrahedral

meshes and the Ogden material model for the experi-

ment if not otherwise stated. In particular, mesh con-

vergence and volume preservation are treated. We eval-

uate performance and convergence properties, validat-

ing the physical correctness by studying accuracy in

comparison to a real world material. We discuss the

hearing aid application and we exemplify the use of B-

splines and Riemanian elasticity.

Implementation: The reference implementation of

the method presented has been implemented in C++

using multi-threading and interfacing to MATLAB. The

optimizer used is an off-the-shelf version of L-BFGS un-

less otherwise stated. The optimizer is not optimized

particularly for the problem at hand.

Mesh Convergence: Our hypothesis is that the

simulation result will globally converge when the overall

mesh element size is reduced. In this experiment we cre-

ate a cylinder mesh of uniform regular size and use av-

erage tetrahedra volume as an indicator for the average

element size. We simulate a simple cylinder of homoge-

nous material squeezed to a certain degree. The simula-

tion is repeated with reduced average volume (roughly

a factor of 8) until the simulation result is no longer

changing (within sufficient precision). This gives us 4

meshes with 430000, 55200, 6600 and 750 elements. The

resulting meshes have full point correspondence from

the low resolution mesh to the high resolution mesh.

As a measure of convergence we compute the average

Fig. 2 The reference mesh has 430000 elements. The error
should behave as 1

x
, where x is the edge length. The exper-

iments confirm this. Notice that it is sufficient to use 6600
elements to achieve relative low error. Furthermore we see
that even 750 elements perform quite well.

distance and standard deviation between correspond-

ing points. As the model is polynomial and the basis

is linear, we expect the convergence to be proportional

to 1
x , where x is the average edge length or the cubic

root of the average element volume. Figure 2 shows our

results.

Volume Preservation: Our hypothesis is that the

simulation will preserve volume more when the number

of solver iterations is increased. In this experiment we

create a cylinder mesh of uniform regular size and of

homogenous material. We subject the cylinder to con-

straint faking a squeeze between two planar plates. We

perform only a single simulation step in each simulation

run. For the single simulation step, we vary the number

of solver iterations used. We plot the max, min and av-

erage volume fraction of each element (
V oldeformed

V olnondeformed
)

which is equivalent to the determinant of the defor-

mation gradient as a function of solver iterations. The

average volume is fully restored after 60 iterations. Fig-

ure 3 shows our results.

Computing Time: Hyper elasticity comes at a

price. The proposed method can to some extend remedy

this. We are satisfied with 40-50 iterations per second,

which will be supported with up to roughly 7000 tetra-

hedra. To illustrate the computing time, we simulate

an elastic block of homogenous material squeezed be-

tween two rigid flat plates. The wall-clock time of the

overall simulation is measured and plotted log-log as a

function of the number of elements used in the block

mesh. The mesh is generated to have regular uniform

elements and each simulation is run until an absolute

tolerance is reached. As can be seen from the volume

plot, we have decent accuracy after 40 iterations. As
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Fig. 3 Volume preservation, notice that as the solver itera-
tions are increased, the volume preservation is improved. In
particular, after 40 iterations the volume is suitably preserved
for our purpose.

Fig. 4 The evaluation time as function of the number of el-
ements in a log/log plot. This figure shows linear dependence
between the number of elements and evaluation time.

this is an interactive design evaluation tool, we expect

the user to move the object into place. We are satisfied

performance yielding 1 second latency from placement

to satisfying result. It is a well known fact that human

response time is on average 0.5 seconds. Thus 1 second

is sufficiently fast to provide interactive evaluation. Fig-

ure 4 shows our results.

Convergence Rate: We have used 3 different op-

timization routines: Gradient descent, L-BFGS and a

Newton method with estimated 2nd order structure. As

the Newton method converges in 4 iterations we have

left it out of the convergence plot in Figure 5. We have

chosen a mesh element size that gives us good results.

Fig. 5 Super linear convergence is obtained in the first 5
iteration with L-BFGS. Gradient descent is linear. Notice that
after 254 iterations we reach machine precision.

We make a log plot of the residual error of the solver as

a function of solver iterations. We expect gradient de-

scent to have linear convergence, L-BFGS to have super

linear and Newton to be quadratic. The plot shows that

L-BFGS only has super linear convergence in the first

5 iterations and then linear, gradient descent has sub

linear convergence. As seen in Figure 5 L-BFGS con-

verges much faster than gradient descent. The Newton

method behaves as expected and reaches it optima in 4
iterations, i.e quadratic. From the number of FLOPS

and parameters we expect the strain energy density

function to have a precision of 10−7 which has been

confirmed experimentally. Figure 5 shows our results.

Accuracy: Our hypothesis is that our method is

capable of accurately simulating the deformation be-

havior of isotropic nonlinear rubberlike materials used

for manufacturing domes in hearing aids. To validate

this we compare our simulation results against real-

world material deformations. We have created cylin-

drical blocks of homogenous materials (silicone) 30 mm

high and 40mm in diameter, which we fix between two

metal brackets. Figure 7 shows our experimental setup.

By adjusting 3 bolts we are able to accurately (within

0.2 mm) adjust the amount of compression of the ma-

terial which we then photograph. For each real-world

experiment we conduct a similar simulated experiment

and from the simulation results we project a silhouette

onto a plane. Next we make a comparison of the shape

of the simulated silhouette against the real-world sil-



Fast Hyper Elasticity Method 7

Fig. 6 Our real world experiment used to obtain true de-
formation shapes of materials overlaid with a simulation of a
similar rubber-like cylinder. As seen the difference is almost
non-existing.

(a) (b) (c)

Fig. 7 The experimental setup to capture the hyper elastic
deformation under known displacement. In (a) the deforma-
tion rig, (b) the setup (c) the undeformed cylinder of silicone.

houette by using the DICE-measure.

D(r, s) = 0.996

Here r is the real-world silhouette and s the simulated

one. We expect our method to accurately capture the

deformation of the rubber material, and as can be seen

in figure 6, this is very accurate.

Application to hearing aid dome: With this

knowledge about the behavior of the model we have

applied it to the simulation of insertion of a dome into

the human ear canal. The dome consists of 20274 ele-

ments and 6062 nodes. The mesh was generated using

tetgen [30]. Thus, it has very varying element size and

some with very small dihedral angles limiting the step

size, thus increasing the required number of iterations.

The dome has been fitted using a soft constraint to

squeeze it into the ear canal as described above and

the core cylinder has been limited to translation only

perpendicular to the ear canal wall. The core cannot

deform in the real world as it is filled with a speaker

transmitting the sound into the ear. The result of a sim-

ulation at a given position can be seen in Figure 1(i).

Cubic B-splines: Finally, we have made similar

experiments using B-splines. The use of B-splines offers

flexibility to the model and enables easy deployment of

multi-grid methods. In this simulation we have substi-

tuted the Ogden material model with Riemanian elas-

ticity (13) to demonstrate interchangeability between

models. We have simulated a cube on a planar surface

(a) (b)

Fig. 8 Our simulation using cubic B-splines.(a) the un-
deformed cube (b) the deformed cube under gravity.

with fixed base in a constant gravity field. As can be

seen, the model allows for compressibility. This particu-

lar model has 48000 tetrahedra, but is evaluated using a

10×10×10 B-spline grid with roughly 68000 evaluation

points. Figure 8 shows the result.

4.1 Discussion of Experiments

The experiments are designed to validate the method

and show that it indeed is a good method for isotropic

hyper elastic materials. As our simulation experiments

are conducted in a perfect world, factors like sliding

of the material on the metal brackets, small inhomo-

geneities, fractures, compressibility and thermal con-

stants etc. are not included. Furthermore, the compar-

ison with real-world experiments suffers from lens dis-

tortion and non-calibrated camera, though neglectable

still present. However, we are convinced that the exper-

imental setup is sufficient to validate the deformation

and the results are very convincing.

5 Discussion

The method described in this paper can be implemented

in parallel and offers an easy way of switching between

different kinds of isotropic elasticity models. The per-

formance is to some extend dependent on the parame-

terization φ, e.g. a B-spline in 3D will have 192 param-

eters where as the tetrahedral only has 12 from which

the strain tensor is computed. Thus, one should when

solving a specific problem, carefully select the appro-

priate parameterization such that speed, accuracy and

performance fits the given task.

Future work will include extension of the model to

non-isotropic and plastic materials. In addition, there is

room for improvement with respect to the solver which

can be tailored specifically to the method.
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6 Summary and Conclusion

We have presented an efficient and accurate method for

implementing hyper elastic models based on functional

analysis. Using the chain rule and rotation into eigen

space of the right Cauchy-Green strain tensor, we show

how sparsity of the tensor is obtained. The method is

illustrated using Ogden and Riemanian as well as both

uniform cubic B-splines and linear shape functions on

tetrahedral meshes. This illustrates the generality of

the method with respect to shape functions and mod-

els. We have verified that the method models isotropic

hyper elastic material sufficiently accurately, to such

a degree that it can be used in an industry setting.

We verified the numerical properties of the method, the

scaling with number of elements or integration points

and have shown that it is accurate down to 10−7. From

our experiments, we can observe that the performance

of the current implementation is sufficient for an inter-

active virtual design validation tool. The method has

been applied to insertion of a hearing aid dome into a

ear with success.
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