Applications of Information Geometry

Clustering based on Divergence: Cluster Center

Stochastic Reasoning: Belief Propagation in Graphical Model
Support Vector Machine

Bayesian Framework and Restricted Boltzmann Machine
Natural Gradient in Multilayer Perceptron Learning
Independent Component Analysis

Sparse Signal Analysis and Minkovskian Gradient

Convex Optimization



Clustering of Points

D=10,0,.0,,..,0,)
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Clustering : center of a cluster of points

C={6,.6,)

m

Center of C

0" = argmginZD[@,@i]




n* is simply the arithmetic average in the dual coordinate system

D[0:6]=w(@)+o(n)-0-n,
0,D[0:6]1=n-n

2(77_770:0

1
77*=EZ77i

k-means: clustering algorithm




k-means: clustering algorithm

1. Choose k cluster centers
2. Classify patterns of D into clusters
3. Calculate new cluster centers




Voronoi Diagram: Boundaries of Clusters

D[#n :n,*]=Dln :n,*]




Total Bregman divergence (Vemuri)

y(p)+e(Q)—0,-n,
J= V@]

tBD(p:q)=

+BD (7,97

BD Y?(: 33




t-center of C 77*

2.\
U—ZW

1

N



Conformal change of divergence
D(p:q)=0c(a)D[p:q]
Gij :U(p)gij

-I:ijk :O-(Tijk +5.9; +5;0ik +Sigjk)
s, =0, 1



t-center is robust

E* :{nl’...,nn;y}

i=n"+ez(ny), &=

> |~

influence function z (77*;37 )

‘z‘<C as ‘y‘—)oo : robust



1 » D[n:ni]+ D[n:y])

minimize
N +1 W,

Robust: z 1s bounded

W

N +1

2(n'.y)=v

Euclidean case f = %|x|2



MPEG7 database

e G@Great intraclass variability, and small interclass dissimilarity.

e ALARYEID s L d
b JBLIASE 32005 dhNiud




Shape representation

A shape is represented using a mixture of Gaussians from the
aligned boundary points.




First clustering then retrieval

Retrieval in the whole MPEG-7 database

First clustering and then retrieval.

t-centers

tcentersk » » ==« v v r i ns t-centers

-

fcentersy - - - - - - e e e amaae e t-centers

L o S < S

Figure: k-Tree diagram. G-M: mixture of Gaussians. Every key is a
mixture of Gaussians. Each key in the inner nodes is the t-center of all
keys in its children nodes. The key of a leaf is a mixture of Gaussians

corresponding to an individual shape.




Other TBD applications

Diffusion tensor imaging (DTI) analysis [Vemuri]
* Interpolation
* Segmentation

Baba C. Vemuri, Meizhu Liu, Shun-ichi Amari and Frank Nielsen, Total Bregman
Divergence and its Applications to DTI Analysis, IEEE TMI, to appear



Information Geometry
of Stochastic Reasing

Belief Propagation in Graphical Model

e Shun-ichi Amari (RIKEN BSI)
* Shiro Ikeda (Inst. Statist. Math.)
e Toshiyuki Tanaka (Kyoto U.)



Stochastic Reasoning: Graphical Model

p(X,Y,z,r,s) .

pxyzns) |

XYV,Z..=1-1




Stochastic Reasonin

q(x1,x2,x3,...| observation)

A

Y

X=(x1x2x3...) x=1,-1
X=argmax g(x1, x2 ,x3,.....) maximum likelihood

Xi=sgn E[xi] least bit error rate estimator




Mean Value

Marginalization: B
projection to independent distributions &

[1,q(x) =q,(X)0,(X,)...d,(X;) =, (X)
q.(X;) = _fq(xlj...,xn)dxl..dii..dxn

I]=E[x]=E_ [x]

0



cliques , 1

q(x) =exp<\2‘ki - X, +ZCr (x)—wq:

x@x% c, (x)=c% %, r=(i-i)
s x, ={L,-1}  r=(i,i,)

Boltzmann machine, spin glass, neural networks
Turbo Codes, LDPC Codes




ComEutationaIIx Difficult

q(x)—=>n=E[x]

(x)=exp{ D¢, (x) v

' mean-field approximation
belief propagation

. tree propagation, CCCP (convex-concave)



Information Geometry of
Mean Field Approximation

* m-projection D[q: p] ZCI(X) log—— 9
* e-projection ( )
— {Hi P (Xi )}

[T a=argmin D[q:p]
e q= ' :

g = argmin D[p:q]

| IO P:q

p(x) e M,



m-projection keeps the expectation of x

px,0%) =] ]aeM,

o g

— P(x,0%)=X-7

06
() = 400 =P*(0
p*(x)

<UX),X =17 > = D (X =1 H)A(X) = p*(x) =0
E,[X] = E,.[X]




Information Geometry a(x)

q(x) =exp{> C.(X)—¢}
I\/IO={p0(x,90)}=€Xp{90°x—%}
Mr ={pr(x,6’r)=exp{cr(x)+t9r-x—l//r}

rzl,...,L




Belief Prop Algorithm




Belief Propagation
P(X, g, ) = expiC, (X) +§ X~V }

HO pr(Xa 6:) — pr(XD é(;[)
EM=TI,p,(x,6)—8" : belief for ¢ _(X)
€t+1 _ Z§t+1

I'#r

0 =" :E"’
"



Equilibrium of BP

1) m-condition

g =T11,p, (x, H*r)
m-flat submanifold M (9*)

§@"

2) e-condition
0" = Zg*r

q(x) € e-flat submanifold

X =X£

< = £



Belief Propagation e-condition OK

(6;€,,8,,...8,), 0'=) &
6,.6,,...6,) > (0',,6",,..,6"))

CCCP m-condition OK
9O — Or :H po(xaer) = pr(x96r)

90':Z§r



Convex-Concave Computational
Procedure (CCCP) : A. Yuille

F(0) = F,(0)~ F,(0)
VF,(0"") = VF,(6")

Elimination of double loops



Geometry of Support Vector Machine
modification of kernel

Simple perceptron: decision surface

f(X)=w-X+D
minimize |W/’

|w-x+Db]
Wi

d

constraint Y. (W-X. +b)>1




support vector X. : «; # ()
f(X,W) =) a;y,% +b



Embedding in higher-dimensional space

X = Z = @(X)
f(X)=w-p(X)+b ..o

2: infinite-dimensional
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ds® =| z(x+ dx) — z(X) |’= Z@%Z(X)ﬁ% z(x)dxdx,

' J

0 0
9;; (X) = Za—xi(ﬁ(x)gﬂx)

J

2

OX.OX .

i

Jij (X) = K(Xax')p(':x




Conformal Transformation of Kernel

o (X) = exp{—«{f(x)}’
K(X,X") = o (X)a(x"K(x, X"

o(X) = Z eXpi—K; | X—X; ¥ )
g;i(X) = {o(x)} g (X)+0,0(X)0;0(X)



Basic Principles of
Unsupervised and Supervised .
Learning Toward Deep Learning

Shun-ichi Amari (RIKEN Brain Science Institute)
collaborators: R. Karakida, M. Okada (U. Tokyo)



Self-Organization + Supervised Learning

Deep Learning
RBM: Restricted Boltzmann Machine

/,o @ = °\?to-Encoder, Recurrent Net
Z - ©

adeos 7

J
|

)
\

Ihi "m Dropout
Contrastive divergence

bi- WJM‘!\&Q



Boltzmann Machine o
Manksr Kain  P(Z, | 2., \Qﬁ

f(ZZ |) =§(M\ , H‘-': Z\f‘.}zj’bq; w-"':q“%‘i

stalle disdr.  P(2)= wpf 55z, +5 I VZz- ¥}



RBM: Restricted Boltzmann Machine

‘q‘

=3
F W - —shl- LN ;_ - °h
7 =R

|
ZH 5 g =

QM% W\at/QAMz : |b, C - nQJQDCi

PO ) = &p { bw +ch



RBM o -
v ?>%? h
8w, W)= ¢ K Wy - ¥} ° -
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Simple Hebbian Self-Organization

AN

A=FOrw-T) T~_.°

receplive £l I o/“\""" >R
Row) ={»r l w- -1, 70} ::/Lj

|w)?= conak




W o) eerter > ¢ o gandy
Rw)
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Self-Organization v,

vvwvwvmae KLl Peo> 26w W) %

If(v)pg frv# v W
W = € —<Rw +<£w>'s ; g\
S P
Cen’lm nL ? W‘);M O{f(w)
<hw, =<3 Y(wr)




Interaction of Hidden Neurons S3hst)
Ew) = "'L’};wa) | ZCL,M'-‘WE*"“"”"”’“‘;’B
g ,
L wiz + hwe l
pow ) = S T el
=5y p izt

f.=! <ﬁim>z = Z Q.,JW  adoraden
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| = E - Vi oy Gy
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Bayesian Duality in Exponential Family

Data x Parameter (higher-order concepts) @
P(X10Y= exp§ ©-x - Rew)=¥em)
Pox,0)= 0 § 0% -RON- FONN ¢y gy
Peolny = oxp i o-x - R SSEXZ( )\ Ul
Curved exponential family 0aoe--- -0 X
v

W), O : oS bwd A-R-F}



RBM : owrved op . Samily

©=h, x=Wv
X=v ©=hW

PO, h) = oxpy 6-X— B —F}

/4
h Wer



Gaussian Boltzmann Machine
Z(0 h)= expi - Iwl* 5" + KW — ‘//(W)}

LhWwo, = WC C= S)u T frmdy.;
I\-Ceﬁho«igwidg corusnae. walluie
<hw, =(T-ww') W
S radions of R nouwzens



Equilibrium Solution
WC = (I-ww’ ) W

shudeon WoW =0 (itj)



Equilibrium Solution
WC = (I-WwWwh-lw

General Solution W Udiag( /1 ~ Ai \/1 _ AL’O’ ___,0) V
1 m

* othogonal matrix: U, V
e ( diagonalized by V C = V¥diag(Ai, ..., A\n)V

You can choose m(< k) eigen values form A1y, A > 1

Stable Solution the case of m = k



Contrastive Divergence

* RBM Visiblev ~ Hidden h
- 2-layered probabilistic neural network O O
- No connections within layers O O
g(h,v;W) = exp (—h" Wv) /Z exp (—h" Wv) E W E
h,v
* How to train RBM O<—>2mp“ng
Maximum Likelihood (ML) learning is hard
p(vg) g(v1/ho) .o Q(Voolhoo)

Input \Q(hO|V0) q(hy|vy) Equilibrium\ q(hoo|Voo)

Many iterations of Gibbs Sampling demand too much
computational time

50



Contrastive Divergence Solution
<h‘»/>,z, = WCW'W W
= WCW'W +W
wW.C = —— W, PCA

—M-



Two Manifolds
won WKLTHO © 2,0 >W) )

Wn

M

BV

E6s W

™- m’a

" Pre)

W



@ deep leamning.pdf - Adobe Acrobat
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Geometry of CDn (contrastive divergence)

_

— My =9 YRS

My = o) Pt

R, = JIek) Pl W) 3
ML




Bernoulli-Gaussian RBM

ICA

R. Karakida




Simulation

The number of Neurons: N=M=2, c=1/2

Sources p (s) o Input ICA Solution
_ Mixing CD4 W = DB
Ur.nfo.rm : m) v=DBs m Output
Distribution h=Wv
4 5 16

Independent sources are extracted in G-B RBM

55



“Information Geometry of
- Neuromanifolds

Natural Gradient and Singularities

Multilayer Perceptron

R —
Shun-ichi Amari

RIKEN Brain Science Institute
I



Mathematical Neurons

y:§9(ZWiXi —h):gp(w-x)
\

X : ‘ Y
/ (DEU)




Multilayer Perceptrons

y:ZVi(P(Wi'x)"'n X

X=(X,Xy5eeer X))

p(y|x;6)= Cexp{—%(y— f (x,H))z}
f(x,0)=> vio(w, - x)

0=(W,...W_;V,....V_)

.., m



Multilayer Perceptron: Neuromanifold

neuromanifold 4 X)

space of functions ‘

y = f(x, 0)

=2V ¢ (W x) -

0=(v, v

wl,...,wm)

m 2



Universal Function Approximator



Learning from examples

w (x)~ f (x.6)
examples --- Dz{(xl, yl), e, (xn, yn)}

learning ; estimation



Backpropagation ---gradient learning

examples: (y,,x, ), (Y, X, ) ——training set y=T1(x,0)+n

1

E(y.x:0)=_ |y~ f (x.0)

=—log p(y,x;6) m
ok

A6, :_77t£

f(x,0)=> vip(w, x)




Multilayer Perceptron: Neuromanifold
Metric and Topology

neuromanifold

space of functions




Metric: Riemannian manifold

Olog p(y | x;8)0log p(y| X;0)
(@)=E
0;(0)=E[ 5600 ]

ds? =\d0\2
=2,9;(0)dede,
=dg'G(9)de




Topology: Neuromanifold

» Metrical structure :g ;
» Topological structure

0
% X
X




singularities

) »e







Parameter Space

S =16

Equivalence
I
1) v.ow, =0
2) w,=w, =V, +V,

M=S/~=

y =Y Vio(w,-x)+n




Topological Singularities

S : parameter space

M =S/~ 3

M : behavioral space /// ) //



2 hidden-units

y=V,@o(w,-x)+V,p(w, x)+n

S: Vlvz‘w1 —wsz1 +w2‘ =0

(1-v)@(X—wW,)+Vve(Xx—w,)



Gaussian mixtures

p(X) = LV, exp-




P(XV, W, W, ) =(1-V)@(Xx—W,)+Vve(X—W,)

singular: W, =W,, v(1-v)=0




Learning, Estimation, and Model Selection

B =D[po(y|x): p(y

]




Problem of Backprop
Aﬁt — _UtVI(Xta yt;et)

* slow convergence----plateau---saddle

* local minima



Flaws of MILP

slow convergence : plateau

error

\

local minima

=) Bosting, Bagging, SVM



Steepest Direction --- Natural Gradient

1(0)

v o . o A6, = VI(X, Y,:6,)
06,” 06,

V=G~ (8)VI
dg|" =de"Gdg =¥ G,d6'de’



Natural Gradient

max  dl=1(8+d6)-1(8)=VI-do
under [ =" g,d0do, =&
do~VI=G'(8)VlI

A, = —77ﬁ|(xn Y5 6,)



Information Geometry of MLP

Natural Gradient Learning :
S. Amari ; HY. Park

AG =-nG™ (H)%

Adaptive natural gradient learning

G, =(1+¢&)G, -G, 'VIVI'G"



M ={p(x.0)]

G : Fisher information

E[AQA&’T]:%GI

E[KL[p(x,HO): p(x,é)ﬂ z%G -E[AOAO]

d

AIC, MDL R —
2N



Landscape of error at singularity
Milner attractor

Error

A

Fig. 5. Critical set with local minima and plateaus.



Dynamics of Learning

do do
—=-nVl, —=-pG VI
a ¢

du dz
—=fu,z), —=k(u,z

" (U,2) " (U,2)

du_1(u,z) y’=7 —llog\zhc
dz  k(u,z)’ 2




Coordinate Transformation

u=w,-w, u=0 %,

Viw, +V,w .
W=l 1" 2" Ww=mw

vV

< *
V=V, +V, V=V

V, =V
7 =—22 7 =+1 x,
L V




Dynamics of Learning: Natural gradient works!!

déo do

— =—pVI, — =—nG VI
a a

du dz
—=1f(Uu,z), —=k(u,z

" (U,2) " (U,2)

du_T(u,z) :zz—llog\zhc
dz  k(u,z)’ 2




Dynamic vector fields: General case (|z|<1 part stable)



Dynamic vector fields: General case (|z|>1 part stable )



Adaptive Natural Gradient works well

3.5

—— Standard Gradient
= == Natural Gradient .

Expected Loss

0 e S| -

0 50 100 150 200
Learning Step




Signal Processing
ICA : Independent Component Analysis

x=As, X (;)- (/'\) C)

sparse component analysis

positive matrix factorization






Independent Component Analysis

x=As X :ZAJ.SJ.
y=Wx W = A"

observations: x(1), x(2),
recover: s(1), s(2),

; 20
TN

eees X(1)
eees S(T)

2l

X

—

eohoeo



Cocktail party experiment

-10 11;00 2000 OO0 OO Ei:l] Lo ] TOO0 [ e e] SOO0 OO
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e 5 microphones (sensors) and only 3 speakers



L.MO_tiIELtion 3

Example of color image separation :

Five original images (but unknown to the neural net)

Five mixed images for separation

Final (stable states) of five separated images



Semiparametric Statistical Model
P(x; W, r) = W[ r(Wx)
W=A", r(s): unknown :]_[ri

x(1), x(2), ..., x(t)



L L A

ow



Space of Matrices : Lie group

dX =dww"'

dw | = tr(dXdX T )=tr(dww "W Tdw ")

ﬁzG—IWTW
oW

dX : non-holonomic basis



Information Geometry of ICA

natural gradient
estimating function
stability, efficiency

X)}
(W) =KL[p(y; W):q(y)]
r(y)



Estimating Functions

AW = _77F(y)W)

_0, W'=W
e LF(n. W), {;to W e W

estimating equation

ZF(yt’W)ZO y, =Wx,
t

AW, = _UF(I/Vtxt)



Admissible class

F(y.W)={I-p(y)y W
ﬁ:R(W)F(y,W) o y,) ;o y; ) YW

ZR = 0: estimating equation
on-line learnmg . AWt =-nR(W,)F (W,x,)
oF

canonical estimating function: W = |



Basis Given: overcomplete case
Sparse Solution

A A

X = AS — Z Siai Sparse A x:A§

many solutions

many S, — 0

A

x, = As,



sparse A: X = AS

e

generalized inverse

~2
S;

L, -norm: min X

sparse solution

L -norm: min ) _|$,



(b) Two edge image mixtures

Fig. 5: Example of edge image image reconstruction: (a) the three binary edge images
(reverse image copies are supplied for processing) , (b) their-two mixtures, (c) the three
extracted edge images (after reversion).



Minkovskian Gradient SF“"‘” S}-/Mﬂ /\n%,og

‘miny (B) : convex function
constraint F(B)<c

i

wpical case:  y/()=> |y~ X[ =2 (B~ F*) G(S - B

1
F(B)=S2lAl" = p=2 =l p=li2



Optimization under Sparsity Condition:

r S
y=Rp g :z X
B k-sparse )" L
m > 2k logn 52/523_
o | WGY\“3?/‘/0




Linear regression

k

Y =D XB +n, t=12,.

=1

y=XB+n X=|~

Overcomplete: N <k
under-determined - infinitely many solutions

Sparsity constraint solves the problem



Maximum likelihood estimator

A . 1
B = arg;ant//(yt -B-x), w(u) =5u2
t

Zw - B x, x =
Euclidean case (Gaussian noise):

G=VVy=X"X, GB=X"y

,BAz(XTX)_ley=XTy Not sparse



Sparse Solution
miny (B)=min D[S : B 1=y (B)~w(B*) -V (B*)(B - B*)
Vy(B*)=0

penalty F (B8)=)Y|8]=c
F,(B)=#1[p #0]: sparsestsolution

F(B8)=>_|B|:L solution

F.(B): 0<p<I Sparse solution: overcomplete case
(

F

(B ) = Z‘ B, ‘2 . generalized inverse solution



orthogonal projection, dual projection

min Y1(p) = D[ﬁ : [3*}, F(p)=c: dual geodesic projection

ﬂ*
dual
geodesic



B, B,

an

NN
NS

a) R, :n=2, p>1 b) R, :n=2,p=1

" non-convex

c) R.:n=2p<l

Fig. 1



L1-constrained optimization

P. Problem miny (B) under F(B)<c LASSO

solution B#"(c) : c=0—>w

B=0->p
min y(B)+AF(8) LARS

solution B"(A) A=0—0
B, =04

solutions P_andp, : coincide,h=%i(c), p=>1

P, Problem

p<1: A=2(c) multiple, noncontinuous
stability different



Projection from PB* to F =c (information geometry)
ﬂ*
B,

ﬂ*




n. o VHn)

Fig. 5 subgradient



LASSO path and LARS path
(stagewise solution)

min w(ﬁ) : F(B)=c
min y (8)+AF ()

B (c), B (1) ¢ < A correspondence



Active set and gradient

A(B)=1i|B = 0j

sen(B)|A[7, ien
VFE_ (B) =1 (—w,x), ¢ A

[-L1]




Solution path

V.o (B)+AVF(B)=0. B
{VAVA(D (ﬂ:) + )LCVAVAF (ﬂ:)} 'ﬂc — _ZCVAF (ﬂc)

_— . . d
ﬂc = _ZCK IVAF (ﬂc ) : ﬂc = Eﬂc
K=G(B;)+AVVF(B)

(VVF =0, VF =(sgnf): L))



Solution path
in the subspace of the active set

VAgo(,Bj)+1VAF (ﬂi) =0 V, :active direction

B =K'V, F(8;)

turning point A —> A’



Gradient Descent Method

min L(f+a): g,a'a’ =¢&’
VL = {é% L(f)}: covariant

VL = {Z g’ % L(£)}: contravariant

B =B —CVL(B)



Steepest direction of L

G(a)=) 9,(B)aa, Riemannian metric
G(ta)=[t|'G(a)>0 Minkovskian metric
G(a)=>]al". p>1 Lp-norm

o

—{VL-a—/IG (a)} =0

oa



=c(sgn fi)|fi|ﬁ

Zgu i“o

VE =G

Y4

Natural gradient



VF = Vf Euclidean case

1

VF = c(sgn fi)| f |E

6F:C<sgn fi*) a—1




=k
| =argmax|fi|

max|fi|=‘fi*‘=‘fj*‘

(6F) B 1, fori=1I" andj*,
0 otherwise.

B.. =B, ~1VF LASSO

Try for various p, p->1
Try for various noise function
LASSO and flat geometry



Extended LARS (p = 1) and Minkovskian gradient

p
normla], = > Ja|

maxy(f+oa)  under |, =1
v (B+ca)=Alal,
p=1
_y Jsenns fmf=max ], o}
% (ﬂ) =1, :
0, otherwise

n=Vy(B)



=k
| =argmax|fi|

max| | =|f,|=|f,

(6F) . 1, fori=1I" andj*,
0 otherwise.

B.. =B, —nVF LARS



L1/2 constraint: non-convex optimization

A-trajectory and-trajectory

Ex. 1-di )
X dim q)(ﬂ):%(ﬁ_ﬂ*)

f,(B)=p+AF =%(ﬁ—2)2 +24/8



: ?:( X >
o B
. =C
P, . Vi, =0 ,B_IB*JF%:() B =R, (,B) : Xu Zongben's operator
R.(£")
A=e(f7-c)
.
.



An Example of the greedy

path
1
0.8 local minima
0.6
B2
0.4
saddle points |
0.2 '
saddle points local minima “-.
0 : aes
0 0.5 1 j 2

B




LASSO and LARS :

p>1 B, is non-sparse
p=1 : sparse
A,
B

Minkovskian gradient






VV(D(ﬂC ) .IBC — /?'CVVF (ﬂc ) 'ﬂc = ﬂ“cVF (ﬂc)

B.=(G-2H) VF(8)



Solution Path 21 <c

not continuous, not-monotone
jump

g, <P,



Linear Programming




Convex Cone Programming

P : positive semi-definite matrix

convex potential function

dual geodesic approach

Ax=b, minc-x

Support vector machine




Convex Programming
— Inner Method

LP:Ax>b

min c- X

Barrier function W(x) = Zlog(z AX; — bi)

n= ail)V(x)

Simplex method ; inner method



Polynomial-Time Algorithm

curvature : step-size

‘H(m)

min:te-x+y(x) x=0(t) V" —geodesic



Integration of evidences:
X, X5 X

arithmetic mean
geometric mean
harmonic mean

o -mean



Generalized mean: f-mean
f(u): monotone; f-representation of u

f(a)+ f(b)
2

scale free m; (ca,cb) =cm, (a,b)

-

a-representation f (U)=U?, «a=#]1

m, (a,b)=f'{

h

logu, a=1



¢-mean m, (Py(8), p,(8))

a=1 : +Jab
o =-—1 Eig
2
a=0 : (Va++b) aLbJrl\/%
o = 0 m_=min(a,n)




Various Means
2

a+b
— ¢+ o~vab o L1
. a b
arithmetic geometric _
harmonic

Any other mean?



o — Family of Distributions
(PORO] pxo) = 1,361, (p,00)}

SHOR)NTIOND Y

log p.,, () = Zti log p.(s)—w

— ==
’I" '_“-



oi-geodesic projection

I

robust estimator




